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Abstract

The theory of sequential |east squares collocation, as applied to the
determination of an approximation T to the anomalous potential o the Earth T,
and to the prediction and filtering of quantities related ina linear manner to T,
is developed.

The practical implementation of the theory in the form d a FORTRAN
IV program is presented, and detailed instructions for the use o this program
are given.

The program requires the specification of (1)a covariance function
o the gravity anomalies and (2) a set of observed quantities (with known stan-
dard deviations).

The covariance function is required to be isotropic. It is specified
by a set of empirical anomaly degree-variances all of degree |l ess than or
equal to an integer | and by selecting the anomaly degree-variances of degree
greater than | according to one of three possible degree-variance models. The
observations may be potential coefficients, mean or point gravity anomalies,
height anomalies or deflections of the vertical. A filtering o the observations
will take place simultaneously with the determination of T.

The program may be used for the prediction of height anomalies,
gravity anomalies and deflections of the vertical. Estimates of the standard
error o the predicted quantities may be obtained as well.

The observations may be given in a local geodetic reference system.
In this case parameters for a datum shift to a geocentric reference system
must be specified. The predictions will be given in both the local and the geo-
centric reference system.

T may be computed stepwise, i.e. the observations may be divided
in up to three groups. (Thelimit of three is only attained when potential
coefficients are observed, in which case these quantities will form the first set
o observations.) Each set of observations will determine a harmonic function
and Twill be equal to the sum o these functions.

The function ?’determined by the program will be a (global or local)

solution to the problem of Bjerhammar, i.e., it will be harmonic outside a
sphere enclosed in the Earth, and it will agree with the filtered observations.
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1. Introduction.

The theory of least squares collocation has been discussed extensively by
Krarup (1969), Moritz (1972, 1973), Lauritzen (1973), Grafarend (1973)and
Tscherning (1973). Collocation was originally introduced by Krarup (1969) as a
method for the determination of the anomalous potential using different kinds of
observations. Primarily Moritz (1972) has extended the theory to a wider field.
This report will only consider the use of |east squares collocation for the deter-
mination of the anomalous potential, T and the estimation of quantities dependent
on T,

We will regard the problem of the determination of T as being equivalent
to the solution of the Bjerhammar-problem, i.e. the determination of a function,
harmonic outside a sphere totally enclosed in the Earth and regular at infinity,
which agrees with observed values of e. g. gravity anomalies and deflections of
the vertical.

It is not required, that the observations and the solution agree exactly.
The observations will contain a certain amount of "noise™, the magnitude of which
is specified by an estimated standard error.

L east squares collocation will filter out some of this noise, and the
solution will agree exactly with the filtered observations.

Having determined a solution, ?, to the Bjerhammar problem, this
function can naturally he used to compute geoid heights (or more correctly,
height anomalies), gravity anomalies or deflections of the vertical in points in
the set of harmonicity. Hence, by solving the Bjerhammar problem, we have
implicitly also solved e. g. the problems of interpolation or extrapolation (pre-
diction) of gravity anomalies or deflections and the problem of astrogeodetic or
astrogravimetric geoid computation.

An Algol-program, which used this approach was published in Tscherning
(1972). The program could only handle a very limited amount of observations.
In the FORTRAN 1V program presented in this report, we have taken advantage
of the availability of a computer (IBM System 370), which has large core storage
and fast peripherial units (disks), so that very large amounts of data can be
treated. Thus, the use of FORTRAN IV, which does not have variable dimension-
ing of arrays, has required that certain (arbitrary)limits have been put on e.g.
the number of observations, which the program can handle.



In section 2 we will present the basic equations o |east squares collocation as
applied to the Bjerhammar problem. We will also discuss the method of step-
wise collocation, which differs somewhat from the p ocedure described by
Moritz (1973). All the observed quantities must be in the same reference system.
This requirement is discussed in section 3. The main lines o function o the
FORTRAN IV program is described in section 4. The most important details
are given in the following section, which especially discusses the subprograms
used. Input and output options are described in sections G and 7 respectively,
and the final section 8 contains some recommendations and conclusions. The
FORTRAN program, an input and an output example are contained in an ap-
pendix.
r

References ar e given by author name and year, with one exception:
Heiskanen and Moritz, Physical Geodesy, will be referenced only by PG,
because references to this book occur frequently.



2, The Basic Equations

There are two ways o approach to least squares collocation. A mathe-
matical (functional analytic) and a statistical. The mathematical approach is the
most well founded and without dark spots. But itsappreciation requires a math-
matical background, which not yet is common among geodesists. The statistical
approach is with a first glance less difficultand gives a sufficient insight. This
means, that a geodesist, well educated in the theory and application o |east
squares adjustment, will be able to use the method.

We will, without hereby having questioned the intellectual ability o the
reader, use the statistical approach in the following presentation o the basic
equations o least squares collocation.

2.1 L east sauares collocation.

Let us suppose, that T is an element d a sample space H o functions
harmonic outside a sphere totally enclosed in the Earth. We will denote the
probability measure of H by ¢, Let the random variables Y» be the mappings,
which relate a function in H to the value o the function in the point P, i.e.

Y (T)=T(P). The variables Y, will then form a stochastic process with the
set o harmonicity as index set (provided P fulfills some basic requirements see
e.g. Grafarend (1973)). The covariance between two random variables Yp, Yq
will be denoted cov(Ts,Tq), because Yx(T) = T(P) and Y, (T)= T(Q). Itis equal
to:

(L) cov(Tp,TQ)=j Yo(T)* Yo(T)d2

H

We will require, that the variance cov(Ts ,Ty) is finite.

Example. Following Meissl (1971), the probability measure & may be
defined by specifying the distribution of the random variables, Y, which maps
T into its coefficient v,_ in a development of T asa series in solid spherical har-
monics. Let ussuppose that this random variable has a Gaussian distribution
with mean value zero and variance o, (T, T)//24+1, only depending of the degree
L, we will then have

@ R? L+1
cov(Tp,Tq) = z o, (T, T)* ( /> P, (cos V),
£=0

r°r



where ¥ is the spherical distance between Pand Q, r and r' the distance of P and
Q from the origin, R the radius of the (Bjerhammar)-sphere bounding the set of
harmonicity and B, (cosy) the Legendre polynomial o degree £.

The constants oy(T, T) are called the (potential) degree variances. The co-
variance function will be isotropic, i.e. invariant with respect to rotations of
the pair of points P and Q around the origin*

From the random variables Y, we may form a second order stochastic
field. This field consists of all random variables, which are linear combinations
or limits o linear combinations o a finite number o these random variables and
which have finite variance, (cf. e.g. Parzen (1967), page 260).

Their covariances can all be derived from the covariance (1). Let us
regard

Y=a1Yp +83Y,,  Y(T)= ayT{P1)+ 8, T(P;).
Then
cov(Y(T), Tq) = J Y(T)* Yq (T)dd =a1f Yo (T)* Yo(T)d?

H H

+aej Ypa(y)-YQ(T)dé = a; COV(Tpl, Tq )+a2'cov(Tp2, Tq ).

H
And generally for quantities s; and sy, where

(2) sy =Y((T), 53 = Yy(T)
we have

(3) cov(syssy)= Yy (cov(Tp,Sy))= Yy (Y (cov(Te,Ty))).
(Wehave here implicitly presupposed, that cov (Te,s,) regarded as a function of
Pand Y, (cov(Te, Tq)) regarded as a function of Q, are elements of the sample

space H, i.e. that they are harmonic. This will be proved below).

The equation (3) is the so called law of propagation of covariances,
Moritz (1972, page 97).



We will denote

cov(sy, s;), C={cy} aqxqgmatrix,

(4) cyy

cov(Ts, 5,), Ce= {ces1} @aq-vector and

(5) cey

(6) Cay = COV(S, Sy), C,= {cs1} 2 g-vector.

(Wewill below use subscripted quantities in brackets, { } to denote vectors or
matrices. In case the limit(s) of the subscript(s) are not obvious, the upper
limit(s) will be indicated by subscripts, i,e. C={cy]} ).

We will have to regard one more kind of random quantities (independent
of the above discussed), namely the random noise, n. A random variable will
be associated with each of the random variables Ys;. They are all supposed to be
Gaussian distributed with mean value zero, known variance (denoted o) and un-
correlated. The covariance matrix, which hence is a diagonal matrix, will be
denoted D= {d,,}, dy = 0

Following Moritz (1972), the basic equation of "observation'" is

(7) x=AX+s"+n,
where x is the measurement or observation, s’ the corresponding "signal" and n
is the noise. x, s’ and n are g-vectors, where q is the number of observations.
The n-vector X comprises n parameters, and A isaknown gx m matrix.

Let us now assume, that we want to estimate the outcome s of a stochastic

variable Y, , given a set o observed quantities x, Denoting C = C+D we obtain from
Moritz (1972, eq. (2-38)and 2-35))

©) X=(A CHAyTA'C x
where the superscript T means transposition.

The corresponding estimate o the error o estimation mf(of s) and Eyx (of
X) are, cf. Moritz (1972, eq. (3-38)and (3-33))



(10) mf = CSB _C:E—lcs + h: AExxAThe ’
(11) Ex= (A C7A)7
with h, = Cla“l and C,s is the variance o s.

The program presented in this report can only handle the non-parametric
(i.e. X=0) case. But the general equations are presented here, so that we later
on can point out the main changes, which will have to be made in order to
incorporate the parameters X.

The special case we will consider here can then be described by the follow-
ing equations:

(12) s =C’C*x and
(13) m;‘; = ng —C:—é—l Cs

Thefiltered observations s'are obtained from (12) by substituting CTfor

Ci.

The equations (12) and (13) differ from the equations given by PG(eq. (7-63)
and (7-64))only in that C has been substituted for C and that we are not restricted to
consider only gravity anomalies.

The quantities we want to consider here are potential coefficients, gravity
anomalies, deflections o the vertical and height anomalies. They areall (at
least in spherical approximation) expressible as either linear combinations or
limits d linear combinations of values o the anomalous potential. We will pre-
suppose, that the variances of the corresponding stochastic variables all are
finite. Equation (3) is hence valid for these kinds of quantities.

The value of the Laplace operator A, applied on T and evaluated in a point
Pin the set d harmonicity,

ATP =0
Is related to a stochastic variable, Ypr,» Thisvariable will also belong to the

stochastic field (variance zero) and we "will have for an arbitrary stochastic
variable Y, :



(14) cov(s, ATp) = A(cov(s, Tr))=0.

Hence, the covariance between a quantity s and the value d the anomalous
potential in P isa harmonic function (regarded as a function of P).

Let us now assume, that we want to estimat the value of T in a point P
from a set of observations x= {x,}, i=1,...,q. We then have from (12),

(15) T(P)= C; C  x= {cov(Tp,si)}T{cov(si,sj)+d“}"1 {x,].

Introducting the solution vector

(16) b= {b}=C'x

we have

Q
(17) T (P)= Cr b= {cov(Ts 80} {by )= S‘ cov (Te,54)by

1=|

Using (A)we see that
q

(18) AP% = Ap (cov(Tp, 51))*by=0
$

>~

i

1
i.e. T (P)is a harmonic function.

By also requiring, that the functions in the sample space H are regular at
infinity, it can be shown, that T(P) is regular at infinity as well.

We have then obtained a solution to the problem of Bjerhammar, if we
can prove, that the §y= s, = x, for o (ordy;)=0. But this is easily seen,
because

(19) gi :Ysi ("E(P)):z Yﬁl (COV(TP,SJ)).bJ
=1

={cov(sy, s‘,)}T {cov(sy,s. )}t ix, }={0,...,0,1,... 0} {Xk }=s4.
(1 at i'th positions)

This fact makes available an easy test of a collocation program. The used obser-
vations are predicted and it is checked, that the predictions agree with the obser-
ved values (and that the estimates of the error of prediction are zero).



2.2 Equations for the covariances o and between gravity anomalies,
deflections of the vertical, height anomalies and potential coefficients.

The relation (3) between the signal and the anomalous potential has been
given in Tscherning and Rapp (1974), eq. (30)-(33))in spherical approximation
for gravity anomalies, height anomalies and deflections of the vertical. We
have for the height anomaly in P

(20) C=T(P)/v,

the latitude component of the deflection of the vertical
(21) €= —D(pT(P)/(y-r),

the longitude component of the deflection o the vertical
(22) n=-DyT(P)/(y "1 cos o),

the point (free-air) gravity anomaly
(23) Ag= -D,T(P) - % T(P)

and the mean (free-air) gravity anomaly
(24) Og = -IlnggdA,

where r is the distance from the origin, ¢ thelatitude, X thelongitude, y the
reference gravity and A the area over which the mean gravity value is computed.

We may, as explained in Tscherning and Rapp (1974, section 10) repre-
sent mean gravity anomalies by point anomalies in a certain height above the
center of theareaA. For this reason we will not in the following distinguish be-
tween mean and point gravity anomalies. The program is able to use all the
quantities (20)-(24)as observed quantities for the computation of T. The same
kind of quantities may also be predicted by the program.

One more kind of quantities, potential coefficients, can be used, though
only as observed quantities. The given coefficients will generally be the
coefficients of the potential of the Earth, W, expanded in spherical harmonics
and not the coefficients of the anomalous potential. Denoting the normal potential
by U we have

T(P)= W(P) - U(P)




and for W and U expanded in fully normalized spherical harmonics

2
w Z . _ _
(25) W(P)=l-{?M~ (1+; (%) z P, (c08 8)(S,, *sinmA+ T, * cosmA))
=1 n= 0

]
+ % (resin®)®  and

2

m a ez. JQE — w . 2
(26) U(P)="4 (1-421 <;) Tits Fes(cosO)+om (rsing)”,

where w is the speed of rotation of the Earth, 6=90°-¢«, kM the product of the
gravitational constant and the total mass of the Earth, the coefficients §zm and
C,, the potential coefficients, and ﬁm(cosﬁ) an associated Legendre polynomial,
normalized so that

™
2 /2 cosmA
27 I I f ), (COS 6) )?sin6 do dA=1.
0 -1/2 sinm A

The coefficients Jgg in (26)are given in PG, (eq. (2-92)).
For the potential coefficients we then have the following equation

a'kM'§z sinm\

m 1 —
(28) _ = i Ij (T+U)'me(cos 8) { dew,
w

a'kM'Cﬂn cosmaA

where wis the surface o the sphere with radius equal to the semi major axis a
and with center in the origin. (Weare now denoting two quantities by w, but since
they are used in a different context, we hope, that no confusion is caused).

In the program it is possible to use one of three different kinds of
(isotropic) covariance functions, which we below will distinguish by a subscript k,
k=1, 2or 3. They are all specified by a so called anomaly degree-variance
model, i.e. by the coefficients oy, 4 (Ag, Ag) of degree £ greater than a constant |
of the covariance function of the gravity anomalies developed in a Legendre
series:

! 2 A+2 ©
— A R

(29) covy (g, 0m,) = Z 0, (8g,4g) ( r) P£<cos¢)+z Ok, £(08,48)
4=0 L=+

9



{cont'd) T

where r’ is the distance of Q from the origin, R the rad|us of the Bjerhammar
sphere, {= the spherical distance between P and Q and o, (Ag Ag) are empirically

determined coefficients.

The three different kinds of covariance functions correspond to three of
the five anomaly degree-variance models discussed in Tscherning and Rapp

(1974, section 8). The models arefork=1,2 and 3:

A (4-1)
(30) 0y, (Bg,08)= T4 s 4>121,

A (L-1
(31) 0Oz (Ag,Ag)=—i;§-2———) , £>122  and

As(2-1)
(32) O34 (08:08)= o gipy ¢ 47122

whereA,, k=1,2 and 3 are constants of dimension mgal® and B is a positive
integer (denoted IK in the program).

A part d the specification of the degree-variance model is the value of
the radius o the Bjerhammar sphere. In the program this quantity is specified
through the ratio R/R, , where R, is a mean Earth radius, (equal to 6371.0 km

in the program).

The covariance function d the anomalous potential may be expanded in a
similar way in a Legendre series, cf. Tscherning and Rapp (1973, eq. (144)),

el

!
(33) cove(Te, To= ) &, T)s* " Byt)+) G (T, Ds** P, (1)

£=0 ’ Z:H'l
R2
where t=cos §, s= — and
rr

3

R
S'IQ(T,T): e 6(AgaAg)’ ZSI, £>1
(£-1)°
(34)
Rg
(o T, T Ag,Ag), 4>1.
i ( )= (- l)z%k( g,4g) I

(Degree-variancesof degree zero and one will always be equal to zero.)

10



We rearrange (33):

]
A 24+
(35) covy(Tp,Tq)= Z % - 0y,0 (T, T))s Pﬁ}(t)
L=0
e g+1
+ch,z(T,T)s P, ().
4=0

Denoting

(36) €L (T, T)= %(T T) -0y, (T, T) , 251,

. X |
(37) COVk(Tp,TQ)—‘S- €y, (T, T)S b Pﬂ,(t) and
4=0

L

4+1
(33) covi(Tr, To)=) 0yt (T, T)s” P, ()
4=0 '

we will have

(39)  covy(Tp, Tq) = covk (Tr, Tq) +covy (T, Tg ).

From this covariance function all the other covariance functions can be derived
using the "law of propagation of covariances', eq. (3)and the equations (20)-
(24) and (28) relating the observed quantities to the anomalous potential.

Due to the linear relationship (39)we generally have for two arbitrary
random variables Y, and Y,

(40) COVy (Sy, Sj) = COVL(Si ’Sd)+ COV(:(S:i ,sj)

wheres; = v;(T)and sy = Y, (T).

(s For either sy equal to Age or C» and s; equal to 4gy or Sq can the quantity
covy " !, s,) be represented by a closed expression, cf. Tscherning and Rapp
(1974, equations (105)-(107), (115)-(117)and (130)-(132)).

11



For the other part, cov,(S1,s,) we have (from Tscherning and Rapp 11974
equations (145)-(150)and (50)))

Do L 1 4+l
41) covy (Ce, o) = Z €4 (T, T) ey " S Pz(t)
f=0

. § R
(12) covy (G, bg)=) €t (Ts0ms" " By (0)

4=0

7 and
riey

|
L*e
(43) covL(Agp,AgQ)=E €ed (Ag,Lg)s Pf,(t)

=0
with
(Jl—-l}
€ (T, 0g) = R ‘€0 (T, T) and

2

£-1
€y,4 (Ag,Ag) = Ll?-}— Ek,f, (T?T)'

Covariance functions, cov(sy, s;) where either s, or s, isa deflection
component can not explicitly be found in Tscherning and Rapp (1974). But using
the equations (20)-(24)we get (K= K(P, Q)= cov, (Tr s Tq)):

(44) cov(p,8q)= 'DapK/(y ey r')

= -D t* DK/(y*y's 1),

(45) cov(l,Mq) = ~DyK/(¥ *¥'* r'*cos )

= ~Dyt* DK/(y 7y * x'* cos )

(46) cov(Er,4gq)= -D,y* (cov (Agp, Tq))/(¥Y*T)

= =Dt * De(cov (bgry Tq )}/ (¥*T)

12



(47) cov(np, bgq) = =Dy (cov(hge, Tq))/ (¥ * T * cos o)

= -Dyt * Di(cov(Age, Tq))/(¥* T * coS «)

(48) cov(Ep, &) =-Dw’(COV(§P,€Q))/r’

(D} t* DK +D £+ Dst DEK)/(y *x+ v ')

(49)  cov(Es, M) =—DCD(cov(ip,nQ))/r=(Dx/DQPt'DtK+D®t'DXt°DfK)

/(coseg *y'*r' *y+r) and

(50) cov(ne,me) = -Djy(cov(Er,Mg))/(X*cOS w)
=(Di)\/ t* DK +Dyt* Dy st e D{K)/(r*y coswr’* Y+ cos o)
Applying these equations on cov, (T, Tq), (39) shows, that the quantities we need
to determine are (apart from the derivatives o t with respect to the latitude and

longitude):

(51) DK = D (covy (Tp, Tq))+Dy (cOVy (Tp , T )),
(52) DZK= Df(cov! (Tr, Tq))+D? (covy (Tr, Tq)) and
(58) Di(cov(Agp, Tq))= Dt (covy (Agp, Tq))+Dy(covy (Agp, Tq))
The last term in each of the equations (51)-(53)are identical to Tscherning and

Rapp (1974, eq. (108)-(110), (118)-(120)and (133)-(135))for k=1,2, 3.

For the first term in each of the three equations we have, using (41), (42)
and (43):
!
f+1
(54) Dy(covy (Tp, Tyg)) = Y €L (T, T)s ¥ Pff(t)
4=0

13



t
. 1l
(55) D (covl(Tr,Tq))= ) €4,g(T, D) "B (1) and
g=0

/

1
R

(56) Dy (COVk(Tr,bg)) = — ) € (0TS B (0,
4=0

with 1>£’(t): D:By(t) and P;(t): Dsz(t).

The sums (54) - (56) are evaluated in the program (subroutine PRED) using
the recu sion algorthm given in Tscherning and Rapp (1974, section 9).

To avoid numerical problems for P near to Q, the following expressions
are used for the evaluation of t and the derivatives of t with respect to o and «":
(denoting: dX=X-X and dop= 0 -o):

(57) t=cosy=sing* sing +cose* coss ¢ cos (d\)

=cos (dp) ~COSp* COSyp’ *(1 = cos(dX))

=1~ 2(si P (dn/2)+ cos 1 * oS’ * Sin(dA/2))

(58) Dyt=cose: sing'-sing* cos o cos (A\) = -sin(dp)+2cos ¢’ * sing * Si nZ(d\/2),
(59) Dyt=sin(dyp)+2cosep: sing'si n? (a\/2) and

(60) D‘; QP't =COStp * COS¢' +Sine * sing’* cos (dA)=cos(dw)~(1-cos(d)) * sino* sing’

=cos (dy)-2sin® (d\/2)* sing* sing .

We will now introduce a compact notation for the normalized surface
harmonics, which will facilitate the presentation of the covariances between the
coefficients of T developed in spherical harmonics and other quantities. Denoting

14



P, (cosB) sinmA, m>0
_) e
(61) V(6,2

=0l

l ‘(cos f)cosmA, m=<0
o

and the coefficients & T developed in spherical harmonics by vy, We have

1 a’
(62) Vie© I IT(P)‘ TI+T *Vp, (8,A)dw
w

where r =ain this integration and P is on the surface of the sphere d radius a.
From equations (28) we get

1
Cpo+dy, *(24+1)° for m= 0 and Aeven,
(63) v ,=a*kM: §£m for m> 0,

C}a'm' for m< 0.and m= 0 and £ uneven

We will now compute the covariances covy (v, _,S;) Where s, is either v,,
&, M, Ag, or Gg. These covariances are not explicitly used in the program,
so we will not distinguish between the different covariance models, but denote
the degree-variances by 0y (T, T), 0,(T,4g) and 0y (Ag, Ag).

From eg. (62)and (33)we get

1
(64) cov(Te,v,,)= 7= | CoV(Te,Te)* V,_ (8, X)% + duw

w

= 1 1 . oy 1
i 4”@0 0y (T, T)S**2 By(t)* v, (0, X) T dee
w

Using the well known summation formulae, (PG(~-81"))

b
(65) Puhi=gi ), Ver(®X)* Ve (00X,

j=-1

and the orthogonality property of the surface harmonics, we get
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] i
_1 (_RE\'* 1 v 6T\ .
(66) cov(Tp,Vzm)—41T (ZGi(T,T)-\;Ta) 21+12 Vig(0,A)* Viy(8,X)

w i=0 j=“l
;o0 1
'\ (8,A) ,dw

R> L+1
=GE(T’T).<I"3.> '22_'_1‘\/;&‘”(9,)\).

Again using (62) and the orthogonality property we see, that

2 L+1 4 at ,
(67) cov (v, V!&m):4ﬁ»[(%(T’T)<;_a-> 20+1 Vzm(e,A)> (r/)—"f;iV“(E):?\ )>dw

) Rz L+1
foz(T,T)Q';E) * 9941 fori=4L and j=m
l 0 otherwise.

Thus, the covariance of two differentanomalous potential coefficients is zero
and their variance is equal to the degree-variance multiplied by a constant
depending on R, a and the degree 4.

The other covariance functions can be derived using (66) and (20)-(23):

_ Ra Z‘l‘l
(68) cov(Ce,V, )= G (T, T) a (Fiz )V, (&N/(* (24+1)),

R2\2+1
(69) cov(ép,Vzm)=—GZ(T,T)'a'<§TI-,) DY, (B V(7 (24+1)
2 £+1 ’
R
(70) cov(‘np,vh)=—%(T,T)'a'<m> Dx%m(e,k)/(r"y'coscp-(2Z+1))
and
_ .2 R2 JL+1R
(1) covidg,v, ) =q0e, 1) F(=) TV, @n/@e
- 0e1) 2 ( BNV G 60 /2
=0,(T, M(4-1) 2 (=)' v, (. 0/24+1).
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2.3 Stcpwise collocation.

The solution o the normal equations (8) and (9) may be a difficult numeri-
cal task even when using a large computer, when the number of unknowns is
greater than afew thousands.

Moritz (1973) uses the term sequential collocation when the observations
are divided in two or more groups and when the corresponding normal equations
then are solved by inverting only the submatrices containing the covariances
between the observations within one group.

Let us first consider an example, where the observations have been
divided in two groups containing m, and m, observations respectively:

(z)
(12) x= | x3} ,

wherex, isam, vector and x; a m, vector of observations. The covariance
matrix is then divided in four submatrices accordingly:

( Cin Cis

(13) C-=
1 Ca Cx

and the vector of the covariances between the quantity s to be predicted and the
observations becomes

(14) Ch=1{Ci1, Cps ).

Hence, according to Moritz (1973, eg. (1-22)) we have
~ AT -l T -1 -1 -1 -1
(75) 8= CeCii X1+ (Caa— Cs1C11 C1oH(C2p-Ca1 C11 C1a)  (X%2-C: C1y X1)

Let us regard the case where we want to estimate T(P). Denoting

(76) by=Cy' %
~ T
(77) Ty (P)=Cpy * by
(78) d1X;=X3-Cyy Cp1 X = X~Cypy °by
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- -1
(719) d3Cz3=Cp-Cs1 Chi Cips 41 Cog = Crz = Cp1Ci1 Caz
(80) by =d,Ci3dyx, and

(81) Ty(P)=dy ng * bz,

we see that

~ ~

T(P)= T, (P) + To(P)

Hence, we are by using stepwise collocation, getting an estimate T which is
equal to the sum o two other estimates.

The first estimate AT}(P) is computed by (76)and (77) from the observations
x; using the original covariance functions. The residual observations d; xz (78)is
then computed. Then the second estimate T, (P) can be obtained from (80) and (81)
using the covariances of the residual observations, d,C,, and d,Ce, (79). (Supposing
the "oise' matrix D to be zero we easily see

cov(d; Xgq s &y Xay) =vcov(x2, - {cov(xa , xvlj)}T {cov(xyy, xu) T {x 3,
- %y ~{eov(xgy, x2) ) {eov(xg, %) 7 {xic D)
=°°V(Xés s Xay)-{COV(Xg sxlj)}T {cov(xyys Xk 17t {eov(xug, xg1) )
which is nothing but the i, jth element of the matrix d;C.;.)

The formulae (76)-(81) can be generalized as to describe a partition of the
observations into more than two groups. Such equations can for example, ‘be
found in Moritz (1973, eq. (5-1)-(5-14)). We will here use a slightly different
type of general equation.

For a partition in k groups,

X3 X1

. L]
X= . y X ¥

Xk Xim‘

and with
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(18a) 4 dyTe =T -2 dL_IC:wa

dzcuz {COV(ngxks dngn)} k=1,...,m,

(793.) ﬁ dsz; = {COV(dsz, d,@XH)} ] = 1, ceeg My

| 4,Css= {cov(dﬂs, dpxip)} i=1,...,my
and
(802)  by=d,;_,Cir* di_X

we have the estimates T, (P)and §; based on the residual observations d;., x;
(i.e. onall sets o observations with subscript less than i):

i (P)= d;-1Chy * by
(81a)
S¢= di_)_C:g b bi

and the final estimates

(82a) {
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(Asusual, the linear equations corresponding to (80a) are denoted the normal-
equations and b, the solution to the normal equations.)

One of the main advantages achieved by using stepwise collocation is
according to Meritz (1973, page 1), that the normal equation matrices to be in-
verted are smaller than the original C matrix. Thus, as may be realized from
equations (79) and (80), the total storage requirements are not diminished. So,
when using a computer, which has peripheral storage units with fast access,
stepwise solution of the normal equations is of no real advantage.

Thus, aconsiderable simplification of the computations may be achieved
when the residual covariances d;Cy; and dgC,, (79a) can be computed analytically.
In this case, only the by vectors (80a) are needed for the representation of T, and
for the computation of p edictions. The residual covariance may naturally be
computed analytically, when the datasets are uncorrelated, i.e. when d;C1:=Cuy,
But the possibility for analytical covariance also exists, when the first dataset
X, consists of potential coefficients.

The matrix C,, iSin this case adiagonal matrix with diagonal elements
equal to the sum of thequantities given in (67) and the error variances of the
observed coefficient, cvim. We will suppose, that all the variances are the same

for the same degree, R, and denote this variance by o5 ().

The elements of the vector b, are equal to the observed coefficient divided
by the corresponding diagonal element. Let us then suppose, that potential
coefficients up to degree | have been observed. The estimate T is then (cf. eq. (66),
(67)and (77)):

N
(83a) T1(P)=Z Z a'(’;; 0, (T, T)* Vp, (9»’\)5‘;1:{ ’
L=z w==~} |
R2Z+g
ol « O (T, T), 52
r(v:@m/(a <a> 25+1 "0y (z)))

a 2I&Jr2212+1

SN 2 a
Denoting Vb—Vzm/(l-FO’v(lo)(R m ) we have

! £
(83p) %I(P)=2 a Z V“- 1 (8.



Using equations (66), (67)-(79)and (85b) we easily see, that the residual obser-
vations (78), d;x, are nothing but the oxiginal observations, but now referring to a
higher order reference field, U, = U+ T;.

For the i, j'th element o d,Cs, we get from (GG) and (79), supposing e.g.
that sy, = T(P), sz; = T(Q) and that x,,, xz; are the corresponding observed values
(and P different from Q):

2 L+ ! J 4+1

o (ED) mo-Y Y ()

2 =2 ==}

(84) cov (dy 8y, disyy)=

=
nE\ 18

2 f4+1
(T T) R LG (T, T) .
20+1 w’“) (a(a°r'> ST e EN) )/ &
cl+2
R oy(T, T)
<a) 2021 *Ov(H)
] ’e © ﬂ .
Z 0, (T, T)s z(t)+ ;‘ 0T, T)s *1PZ(t),
b=z L=1+1

with

2l+2
24+1

(85) .dlcr’e(T, T)=0 (T, T)(1-1/(1+02(4) /(a

0, (

This quantity is zero for 62(4) equal to zero. The covariance function (84) is
in this case a local I'th order covariance function, cf. Tscherning and Rapp
(1974, Section 9).

It is supposed in the program, that the error variances o2 can be either
disregarded or that they only depend on the degree. The program will, in the
latter case, require that the quantity
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_ggz_'j_l)g.
(86) o, (Q.AD= doa(T, 17° g2

is specified. The quantity will be treated as if it was an empirical degree-variance.

We have here seen, how we in one case explicitly can derive expressions
for the covariance, cov(dixs, dixXz;). Anolher method would he simply to estimate
a covariance function for the rcsidual. observations ¢, x;. However, the program can
only use three types of covariance functions, and they are all isotropic.

We are then restricted either to divide the observations x in groups of
quantities, which are nearly uncorrelated or to find a kind of observations, which
we can treat like the potential coefficients.

The potential coefficients are (ina general sense) weighted mean values of
the anomalous potential. Mean gravity anomalies are also mean values, weighted
with a function, which is equal to one in the considered area and zero outside.

A mean gravity anomaly fieid will represent an amountdf information which
iS equal to the amount of information contained in a set of potential coefficients of
degree less than or equal to an integer I. The magnitude of | will depend on the
size of the area over which the mean anomaly is computed. 1 will be large when
the area is small and small when the areais large. (I will be zero when the
area is the whole Earth and infinite when we are dealing with points). An estimate
of the degree may be Hund in the following way: The total number d equal area
mean anomalies of a particula size is theoretically equal to the total area of the
Earth divided by the area of the basic mean anomaly. Let us call this number N.
For the perfect recovery of N guantities we need a set of coefficients of degree
up to N2+ This method of estimation will give us N~ 202 for 1° equal area anom-
alies. The degree may also be estimated in a more empirical way. This can be
done by first estimating the empirical covariance function of a set of residual ob-
servations (gravity anomzlies) d;xs. The first zero point of the empirical. co-
variance function (regardedas a function of the spherical distance ¥) will then
give a reasonable estimate o the degree (cf. Tscherning and Rapp, (1974, Section

9)).

As an example, the program described in this report was used to compute
residual point gravity anomalies in a 2°30'x 3”40' square in the state of Ohio,
U.S.A. The data set x did consist o three groups. The set x, was a set of po-
tential coefficients of degree upto andinclusive of 20, given by Rapp (1973, Table
6). xp consisted of 157 1°x 1° mean gravity anomalies surrounding the area and
X; was a set of 420 point gravity anomalies, spaced as uniform as possible with
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adistance of 73' inlatitude and 10" in longitude between the points. The data-
sets x;, and x; was regarded as errorless.

The covariance function recommended by Tscherning and Rapp (1974)
was used (i.e. given by eq. (32) with B= 24 and A, = 425 mgal ) The covariances
d;Cs, s, Can then be computed using a corresponding local 20'th order covariance
function (i.e. with degree-variances of order uptoand inclusive of 20 equal to
zero), cf. (84).

The function i"l is then computed without actually solving any normal
equations. We have (cf. (832) and with o%(£)=0):

3 .@+1
CPl 2 §‘ 0 (T, T)*V (9 >\) 22_'_1 *bigu s
=2 n=_4
24+2
- z(R , 9T, T)
b =y /@5 (R) ST

We will now, as mentioned above represent the mean gravity anomaly as a point
anomaly in acertain height 11 above the center of the area. Let us denote this
point by Q and its distance from the origin r'. (Wehave in this case used
h'=r"- R =10.5 km, cf. Tscherning and Rapp (1974, Section 10)).

The residual anomaly is then, cf. eq. (78a) and (71):

L

dy Xoy = Xy - z z COV (Xays Vg ) Prg,
L=2 p=-f

£
=xgd-z' 2 %(T,T)(z—l)f-, < R ,> (6 >x) 1 Pl
f=

2 m=-
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=% - (- 1o B@ - 2, R@),

i.e., the mean anomaly computed with respect to the higher order reference
field Ur= UsT,. (Theprogram does not use this equation for the computation o
the residual anomaly. The contribution from T, is evaluated using the actual
length of the gradient o U, , see the description o the subroutine IGPOT, Section

5.4).

The residual obscrvations d;x, was then used to determine Tg, this
time by actually solving a set & normal equations, obtaining the solution vector
ba.

The residual point gravity anomalies were then computed by

dgXs=Xs - dy Clg * by - Clg » b,

cf. (78a). The term CIS * b, isagain here the change due to the higher order
reference field U;.

The empirical covariance function was computed using d,xs by taking the
sample mean of the products of the residuals sampled according to the spherical
distance between the points o observation. The size o the sample interval was
75'.  The covariance function

81.8 mgal®*(4-1) g4z
A = . !
cov(Age, Agy) > (L-2)(2+24) S Pﬂ(cos ¥,
{=2.05

with R/R. = 0.9998 was found to have the same zero point as the empirical covariance
function, see Figure 1.

We then see, that the two mentioned methods give nearly the same estimate
of theinteger L This agreement should merely be taken as an illustration and not as
a proof. It shows one o the many kinds of coinputaticns the FORTRAN program can

perform.

The choice d a proper covariance function is a delicate task, but we point
out that the presented program may use three different degree-variance models
and hence be useful in test computations using different covariance functions.
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The program may compute Tin up to three steps. The different possibil -
itiesare illustrated in Table 1. Note, that potential coefficients alwaysform a
separate data set, which will be the data set x, .

Table 1

Different: options for the Computation of T

Number Dataset May Contain: N
of steps Xy %o Xa T =
1 Potential coefficients ﬁ
1 €,7,C, 8¢, Bg _ T
2 Potential coefficients g,m,C,0g, Og Ty+Tg
2 g’n’g’ﬂg’Z\_g §9n9€9Ag9Z_g- Tl+:‘£‘2 ~
3 Potential coefficients g,n,C,0g, &g €,m,C,08,0g Ty +Tg+ Ty
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3. Data Reqguirements.

In this section the data requirements will be discussed. The precise
specifications are given in Section 6.

Three types of information are needed for the determination of T: obser-
vations, information about the reference system of the observations and a co-
variance function.

3.1 The Observed Quantities,

The observed quantities we want to use are (@) potential coefficients,
(b) point or mean free air gravity anomalies or measured gravity values,
(c) height anomalies and (d) deflections of the vertical.

The potential coefficients available will generally all be of a degree less
than 25. There has then only been reserved space in core store for up to 625
coeflicients.

The program accepts potential coefficients, which are fully normalized
and multiplied by 10°, The coefficients can naturally only be used, when a value
of kM and the semi major axis a are specified.

An observation (different from a potential coefficient) will be given by
(Dthe geodetic latitude and longitude, (2) a potential difference, (ageopotential
number, for example), conve ted into a metric quantity e. g. by dividing the dif-
ference with the reference gravity and (3) the measured quantity. The height
above the reference ellipsoid is regarded as unknown except, naturally, when
ititself isthe observed quantity.

A1l measured gravity values will have to be given in the same gravity
reference system or a correction must be known. Measured gravity values are
converted to free-air anomalies. The orthometric height must hence be known.
The geodetic latitude (whichis used to evaluate the normal gravity) would princi-
pally have to be given in a geodetic reference system consistent with the gravity
reference system (i.e. with the same flattening and semi major axis as used for
the computation of the coefficicnts in the expression for the normal gravity). But
the variation of the normal gravity with respect to the latitude is so small, that
this requirement can be neglected here. The point or mean gravity anomalies will
all have to be free-air anomalies. They must all refer to the same normal gravity
field. If they are not all given with respect to the same gravity base reference
system, the correction to be applied for the conversion must be known.
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A mean gravity anoinaly will be represented as a point gravity anomaly at
a pointof a certain height, h, above the center of the area over which the mean
value is computed. This height is specified by the ratio, RP between the sum of
this height and the mean Earth radius R. and the mean Earth radius, i.e.

(87) RP= (Re+ h)/R..

A height anomaly will have to be given in the same reference system as the
geodetic latitude and longitude. This will generally require, that a height anomaly
obtained through an absolute position determination and given in a geocentric ref-
erence system must be transferred back to a local geodetic refe ence system,
before it can be used in the program.

We are, with observed deflections o the vertical, faced with a complicated
problem. The deflections are equal to the difference between the astronomical
coordinates o a point on the geoid and the geodetic coordinates of a point on the
reference ellipsoid (multiplied with cosine to the latitude for the longitude difference).

We have hereby implicitly introduced assumptions about the mass densities
in between the geoid and the astronomical station. To avoid this, the deflections
should have been given at the proper height (i.e. the height o the observation
stations).

Thus, heights of astronomical stations are seldom found recorded together
with the deflections. But if the heights are actually recorded, the program will
treat the deflections as quantities, which have not been reduced to the geoid.

The astronomical coordinates may carry systematical errors due to sys-
tematic differences between star catalogues or due to the neglect of corrections
for polar motion. The observations may be corrected for known systematical
errors, if they can be specified in the same way as a datum shift, i.e. by specify-
ing the corrections in the latitude and the longitude components at a certain point.
Systematic errors in the height anornalies may be corrected in the same manner.

In Section 2.2 we mentioned, that the equations which related the obser-
vations and the anomalous potential was given in spherical approximation. This
means, e.g. that all points onthe surface of the Earth are regarded as lying on
the mean Earth sphere. This fact has been used in the program to speed up the
computations. This is done by using the fact that the quantities

T D' or, ag sty and gag,agstte
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will be the same for a group of input data.

Data which actually are observed above the surface of the Earth must be
grouped so that they all refer to a sphere with radius equal to a mean height o
the points plus the mean Earth radius, R,. Asfor mean gravity anomalies, the
height is specified in the program through the value of the quantity RP, (ey. (87)).

The standard deviations of observations, different from potential coef-
ficients,will have to be given in meters for the height anomaly, in mgal for gravity
observations and in arc sec for deflection components. The standard deviations
may be specified (1)individually for the single observations, (2)for a group of
observations or (3) as being zero for all observations.

3.2 The Reference Systems.

We have to know the parameters specifying the geodetic coordinate system.
The program requires the semi major axis, a, and the flattening, f, to be specified.

The gravity formulae may then either be given (Lthrough the values of kM,
w, a, and f, (2) by specifying that the international gravity formulae and the Pots-
dam reference system has been used or (3) that the Geodetic Reference System
1967 has been used. One of the three excludes the others.

The covariance functions which can be used, will all have the degree-
variances of degree zero and one equal to zero. This implies, that we, in the
computations, have to use the best possible kM value and a geodetic coordinate
system which has origin coinciding with the gravity center of the Earth, Z-axis
parallel to the mean axis of rotation and Z-X-plane equal to the mean Greenwich
meridian plane.

We will also require the global mean value of the gravity anomalies, the
height anomalies and the deflections to be zero. This requirement implies, that
we have to use the best possible semi-major axis. The geodetic latitude and
longitude may then be transformed into such a reference system by specifying the
new kM, a, fvalues, the translation vector, the scale change and the three rota-
tion angles for the rotations around the X, Y and Z axes respectively.

The approximation T will be given in the same reference system as the one
specified through the transformation parameters, i.e. in a geocentric reference
system. Predictions will be given in both the original and the new reference
system.
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3.3 The Covariance Function.

We explained in Section 2.2 how an isotropic covariance function can be
specified through (1)a set of empirical anomaly degree-variances of degree less
than or equal to an integer I, 69, (Ag, Ag) and (2) an anomaly degree-variance model
for the degree-variances oy, g (Ag,Ag) for R greater than I.

The values of the empirical degree-variances will depend on the radius of
the Bjerhammar sphere, R. We have, therefore chosen to specify these quantities
on the surface of the mean Earth, i.e. the quantities

2f+4

689 5 eete)=(5) 5 0ele

must be given together with the ratio R/R,. The quantities (88) must be given in
units of mgale.

The anomaly degree-variance model isfor k=1 and 2 specified through
the constants A, and A, (eg. (30)and (31))and for k= 3 through the constant Ag
and the integer B (eq. (32)).

Thus, in the program the models ar e specified not through the constants
A,, k=1,2 o0r 3, but through the variance of the point gravity anomalies on the
surface of the Earth.

This quantity is then used for the determination of A,. We have from

(29):
i X R 2i+2
(89) cov(Agr,Agp)= \l oy (Ag,bg)* (R—e> P/Z,(l)
L=o
® R 2l+z
+ Z Ok, 4(08s Ag)(R—e> P, (1)
L=141
1 : Ay(L-1)
Let us now, for example regard model 2, i.e. oz,4 (Ag,AQ)= =2~ "7 | Then
(£-2)
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[ 24+2

el L+2
(90) A2=(cov(Agp,AgP)—/Y g’k (bg,Ag) <ﬁli) )/Q (i:.;) <1§ ) >
tmo L=1+1 ’

The infinite sum may be computed by the formula given in Tscherning and Rapp
(1974, Section 8), and A, (and in the same way A, or A) can then be found.

We will finally mention, that the ratio R/R, is used by the program for the
computation o the radius of the Bjerhammar sphere.
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4, Main Lines o Function of the Program.

In Section 2 we mentioned that the program could be used to estimate T
from maximally three sets of observations x,, x, and x;. T would then be equal
to the sum of up to three harmonic functions, T, ) Tp and Tg. The limit of three
was only attained, when potential coefficients formed the first set o observations,
Xy »

We will here clescribe the function of the program, when we are in this
situation, i.e. when we have three datasets x,, x; and X3, and x, is a set of
potential coefficients.

The flow of the program is illustrated in Figure 2. Several logical vari-
ables determine the flow. Thelogical variable LPRED will e.g. be "false" until
the estimation of ? is finished and will have the value "true', when predictions
are computed.

The program will start by intializingdifferent variables. It wiil require
information about the reference systems dof the observations and use this infor-
mation to select e. g. the proper formulae for the normal gravity.

When the reference system is not geocentric or when the normal gravity
does not correspond to a proper kM value, the necessary transformation elements
and the kM value must be given.

The next step is then to read in the observations x,, the potential coef-
ficients. The normal equations (12) will not have to be solved in this situation,
cf. Section 2.3. T, is represented by (83).

The following two steps, where we explicitly use the equations for collocation,
will be denoted Collocation | and Collocation 1I. We will first have to specify the
covariance function and observations used in Collocation I:

The covariance function for the residual anomalies d, x, must be specified
through the selection of an anomaly degree-variance model and contingently by
specifying a set of low order empirical. deg ee-variances.

The observations x, (andlater x) may be subdivided in different files
according to format, kind of observed quantity etc. Each single observation is
first transformed to a geocentric reference system (if necessary). Then the
residual observation is computed, by subtracting the contribution from T, from
the observed value. After the input of afile, the value of alocal variable LSTOP
will be input, which will signify if more files belonging to x, will have to be input.
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Figure2

Flow-Chart of Program.

The main flow is determined by the values of the following logical variables:

LTRAN = coordinates and observations must be transformed to a geocentric

reference system and gravity observations must refer to a gravity
formulae consistent with the refe ence system.

LPOT = potential coefficients from first set of ""observed' quantities.

LCREF = second set of observations (or third when LPOT is true) will be
used, and the harmonic function computed by Collocation | will be
used as an improved reference filld. LCREF is initialized to be
false and will get its final value after Collocation I is finished.

LPRED = predictions are being computed.
LGRID = the predictions are computed in the points of a uniform grid.
LERNO-= the error of prediction must be computed.

LCOMP= compare observed and predicted values (an observed value is input
together with the coordinates of the point of prediction).

Tnitializations:
I.CREF=F, LPRED=T
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Figure 2
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After the last file has been input, the vector d, x, is stored on a disk.
The coefficients of the normal equations are then computed and stored on the
disk as well.

A subprogram NES, which only uses a limited amount of core store, will
then compute the solution vector b, and in this way T, is determined.

- The solution vector may be output on punched cards, so that the function
T, can he retrieved without computing the coefficients of (and solving) the normal
equations.

Collocation I is now finished. It is then possible either to start the compu-
tation of predictions or to start Collocation II, A logical variable LCREF is used
to distinguish between the two situations. Thus, LCREF will have to be true in
this case, because we have decided to describe the situation, where three data-
sets ar e used.

The covariance function of the residual observations d.xs is then first
specified. It isdone in the same way as for the covariance function used in
Collocation I, though the kind of anomaly degree-variance model used will have
to be the same.

The different files of the dataset x, can then be input. Each observations
isfirst transformed to a geocentric reference system. Then the contribution from
T, and T, is computed, so that finally d.x, can be stored. The coefficients of the
new normal -equations can then be computed and the equations solved. Again, here
the solution b; may be output on punched cards. (Incaseb, or b, had been com-
puted in previous runs of the program, their respective values would have been
input and the coefficients of the normal equations are then not computed.)

When the equations have been solved, the reduced normal equation matrix is
retained on a disk, so that errors of estimation can be computed, using equation (13).

The estimate of the anomalous potential is then, cf. eq. (82a)
T(P)= Ty (P)+ T (P)+ Ta(P),
with T, (P)given by eq. (83),
By

Tz (P) = y COV(d]_ Tp N dl XBI ) * bli and

1=1
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I Iy

Ta(P)= ) cov(daTr,dzXay) * Doy

1=1
cf. eq. (81a).

The prediction of a height anomaly, a gravity anomaly or a deflection
component can now be computed using eq. (82a). The computation is based upon
exactly the same type of information as was used for the computation of T. and
and Ts, i.e. geodetic latitude and longitude, and a height. The program itself
may generate lists of coordinates. Such a list is generated, when the logical
LGRID is true. The list will consist of coordinates of points lying inagrid. The
grid is specified by its south-west corner, and the number and magnitude of the
grid increments in northern and eastern direction. The heights of the points are
specified by the ratio RP (equation (87)).

The prediction of a quantity, e.g. a gravity anomaly will then be computed
by first determining the difference between the anomaly given in a geocentric
reference system and the reference system of the observations, Ago The contri-
bution Ag1 is then evaluated from T1 and the contributions from T, and T using
(81a), i.e.

Agy =

COV(di_iAg N di__lxu)‘b”, i:2,3-
3 .

n~isg

1

The predicted value is then, (cf. eq. (82a)):

Ag=A0go+ Agy + Agpy + Ags

Predictions of other quantities are computed in the same way. A special facility

for the comparison of observed and predicted quantities can be used, when the
logical LCOMP is true. The differences between observed and predicted quantities
are in this case, computed together with their mean value and variance. A sampling
of the differences is done in intervals of a specified magnitude.

The processing time (or more correctly, the central unit processing time)
will vary depending on (1)the covariance function used, (2)the number of cbserva-
tions and (3) the number of quantities to be predicted and estimates of errors to be
computed. The program has been used for a variety of test computations, though
never with more than 500 observations. The used processing times for a number
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of situations are presented in Table 2. The computations were all made on the
IBM system/370 model 165 computer of the Instruction and Research Computer
Centcr, Ohio State University. The so called Fortran H-extended compiler

(IBM (1972))was used for the compilation o the program. The normal equations
were stored on an IBM model 3330 disk.

Table 2

Examples of Processing Times for Different Input Data and Covariance Functions.
Potential Coefficients of Degree up to 20 Used.

Collocation | Collocation I1** Predictions | Total pro-
cessing time
Covariance | Order of local | Number of |Order of local | Nuniber of | Number of

Model covar.fct. I | Agused |covar.fct. | Ag | E,m| bg €| C m  sec
1 20 157 11730 |36 0 43

2 20 157 117|30 {36 0 43

2 20 157 110 117 30382 |36 2 31
3* 20 157 110 117 303|182 136 3 2

2 20 157 160 117 303182 136 2 57
3* 20 157 160 117 30382 {36 4 09
2 20 157 110 117 30 { 303({52 {36 2 54
3* 20 157 110 117 30 | 303{52 |36 4 09

* B= 24 in Model 3

**Normal equations not computed and solved in Collocation I.
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5. The Storing o the Cocfficients of the Normal Equations and the Function
of the Subprograms,

We will in this section discuss in more detail the function d an important
part of the main-program and the different subprograms which have been used.
However, the most detailed description is found in the appendix, where the FOR-
TRAN program, which includes a large number of comment statements, is repro-
duced.

5.1 The storing o the normal equations.

The IBM system 370 model 165 computer o the Instruction and Research
Computer Center of the Ohio State University makes available a 630K !byte) core
storage for a usual program. Let us suppose, that we have used 180K for the
storing of the program and variables different from the coefficients o the normal-
equations. We are then left with 450K bytes, which can be used to store these quan-
tities. When the coefficients are represented as double p ecision variables (8 bytes),
it is then possible to store 450x* 1024/8=57600 coefficientsin the core.

A system of equations with N unknowns, and afull symmetric coefficient
matrix plus a constant vector o length N+I will totally occupy (N+2)x (N+3)/2
8 byte positions. This implies, that we maximally can seclve a system of equations
with 336 unknowns, if we want to store all the coefficients in the core.

The solution to the problem is naturally to divide the upper (or lower) tri-
angular part o the matrix in blocks, which then are stored on a disk and later
read into core storage when needed. The subdivision in blocks can be made in
several ways. In case we wanted to compute the inverse matrix, the optimal
subdivision seems to be a subdivision in squares submatrices, as used by Karki
(1973). It isunnecessary to compute the inverse matrix for our purpose. The
solution vector b (16) and the estimate of the error of prediction (13) may both be
computed without using the inverse matrix. It is enough to compute the so .called
reduced matrix LT,

©9l) C=L+ 1L

where L is alower triangular matrix, cf. Poder and Tscherning (1973). The
computation o L' is most easily programmed, when the upper triangular part of
C is subdivided in blocks, which contain a number of consgcutive columns, stored
in a one-dimensioned array with the diagonal element having the highest subscript
cf. Figure 3.
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Block Number
1 2 3 ¥ 5 [ T & 9 (o 12 (5171451 (} 17

96

19
PN

Number of |ast row stored 2\3§~
in block 2%
N

Figure 3. Blocking of 400 x 400 matrix

It isnecessary, that two blocks can be stored simultaneously in the core storage,
i.e. the maximum block size is then 225K or (450/2) + 1024 /8 = 28800 double pre-
cision coefficients. This number is then also the upper limit for the dimension
of the normal equation matrix, N. (Anotherlimit is set by the magnitude of the
disk unit used. For the IBM model 3330 disk used here, N will have to be less

than circa 5000).

We have in this program edition preferred to limit the total storage re-
quirements to 252K (which for the present operative system gives a reasonable
turn-around time). Thus, 90K can be used for the storing of the required two
blocks and for the buffer area necessary for the transfer between core store

and disk.
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Onadisk it is practical to block data in groups which occupy an integer
number of tracks. We have then chosen to work with data partitioned into blocks
of size 4800+8 bytes, covering three tracks and to use a buffer area o 1200+8
bytes. The total area occupied in core storage is hence 2x(38400) + 9600 bytes
or nearly 86K. (Thedisk discussed is, as mentioned above, an IBM model 3330
disk). Figure 4 shows the number of tracks used as a function of the number o
observations, N.

Tracks

;

1000 ¥

500 +

N , oSN
T &

300 600 900 1200 1500

Figure 4. Number of tracks used on an IBM model 3330 disk unit for a varying
number of unknowns, N (12800 bytes used on each track),
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When a coefficient of the normal equation matrix C (eq. 12) i s computed
(subroutine PRED) it will first be stored in an array C of dimension 4700 (the
last 100+8 bytes are used to hold two catalogues). Where the array C isfilled
up with as many columns as possible, the content will be transferred to the disk
and stored in a direct access dataset (see IBM (1973, page 67)). The constant
vector of observations, x is stored together with the coefficients, as if it was an
extra column. The ficticious diagonal element of this column will contain the
normalized square sum o the observations.

As mentioned above, the last 100«8 bytes of a block are used to hold two
catalogues. The first catalogue contains the subscripts of the diagonal elements
of the columns stored in the block. The second contains the subscript of the
last zero element encountered in a column, starting the inspection of a column
from the top. This catalogue may especially be used when C is a sparse matrix
(e.g. when potential coefficients are not necessarily stored). In this program C
will always be a full matrix, so the catalogue entries are just equal to zero.
(Their value may be changed by the subroutine NES, in case singularities are
encountered).

5.2 Solution of the Normal Equations and Computation of the Estimate of the
Error of Prediction, Subroutine NES.

The equations are, as mentioned in Section 5.1, solved by first computing
the upper triangular matrix L?(cf. (91)). This method is the well known Cholesky's
factorization method.

We obtain, from (15)and(91) by aleft multiplication with 1.7}

(92) L+ x=L""b=b

The algorithm for the computation of the elements of L , Lyyis

i-1
1
(93) Lyy=——(Cyy - 2 Lys Lyy)
Z”

k:l
and nearly exactly the same for the computation of the elements by of (92):

1 151'
—‘é—i—i (Xi = Z_,

k=1

(94) by=
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i.e. the algorithm (93) will compute (92), when x is regarded and stored as an
extra column of the matrix C. When b' has been computed, b can easily be
obtained from (92) by a so called back-substitution procedure. We note, that
we have (cf. eg. (6)and (13)):

95) CICC, =Cl(@)y L7 Ce= (L™ *Ca)(L7 Co).

Then, using the algo ithm (93) for j= m+lwithc , substituted for c.y, we will
obtain the quantity L-'C, for i=1,...,m. By defininganelement c, 5.3 = Css
and using (93) for i=m+| we will have computed the quantity m? (13).

The sub outine NES uses these algorithms for the computation o the vector
b and the quantity mZ. The elements of L are stored in the positions on the disk,
where earlier the coefficients of the upper triangular part of C were stored.

The matrix C is theoretically, always positive definite. Thus, mistakes may
be made, which make C non positive definite. The Choleskys algorithm (93) will
not work in this case, because the diagonal element of L, £,;, is computed by taking
the square- root of equation (93), where both sides have been multiplied with £ .
The occurence of anegative quantity

{i=1

5= cyg- z et
r k=1
will not stop the execution of the program. NES will regard the column and corres-
ponding row as deleted, and by will be put equal to zero.

Cholesky's method is very favorable numerically. But the proper use of
the method requires that the sum o the products £ %, in (93)are accumulated in
avariable, which in this case would be in quadruple precision. The final product
sum would then have to be rounded properly to double precision. Unfortunately
rounding is not Bone by simply requiring the quadruple precision variable to be
stored in a double precision variable, but supplementary statements have to be
used. Thus, the solution vector b, is here obtained by computations performed
in double precision only, which in this case anyway, gives a satisfactory number of
significant digits.

3
. . . . N\ )
The solution vector b, is obtained in 0. 7* \—1-1\8—0/' seconds, where N is the
dimension of the normal equation matrix.
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5.3 Transformation Between Reference Systems, Subroutine ITRAN.

We pointed out in Section 3, that it was necessary to transform the co-
ordinates and measurements into a geocentric reference system. This transfor-
mation is performed for the coordinates, the deflections and the height anomaly

by the subroutine ITRAN.

The subroutine uses the euclidian coordinates X, Y, and Z for a point
with geodetic latitude ¢ and longitude A and with the ellipsoidal height equal to zero.

These coordinates are then transformed into geocentric coordinates,
Xys Yy, Zy by

Xy AX 1 € -e X
(96) {Y,p = 4AYy + (1+A4L) * 9-¢; 1 €ar *+ 3Y
Z'l AZ 62 "63 l Z y

where (X, AY, AZ) are the coordinates of the center of the old reference ellipsoid
given in the new coordinate system, AL the scale change and (C,, C,, C,) the three
infinitesimal rotations around the X, Y, Z axes respectively.

The new geodetic latitude ¢, and longitude A, of this point is computed
using the ite ative procedure given in PG (p.183). This computation will also
furnish us with the change in the height anomaly, which is identical to the height
of the point (X, Y1, Z;) above the ncw reference ellipsoid.

The change in the deflection components ar e then determined using the
differences ¢, - ¢ and X, - X.

A contingent correction for systematical errors in the deflections or the
height anomaly (cf. Section 3.2), specified by the changes 8§,, 6ny, 060~ in a
point with coordinates oo, Ao, iS computed by the subroutine using the equations
given in PG (eq. (5-59)).

5.4 Computation of the Normal Gravity, the Normal Potential and the Contri-
butions from the Potential Coefficients. Subroutines GRAVC and IGPOT.

The normal gravity may be given in two ways. Either by a gravity formula
or by specifying a normal gravity field, from which the gravity formulae then can
be derived, (cf. PG, Chapter 2). The only gravity formulae which can be used is
the international gravity formulae, PG (cq. (2-126)and (2-131)). The normal
gravity fields which can bc used, are those for which the reference ellipsoid is an
equipotential surface, i.e. it is specified by the values of kM, a, f and w.
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We may need to kuow the reference gravity in two situations. Firstly
when free-air anomalies are computed using measured gravity values and secondly,
when we want to compute the change in the gravity anomalies due to the use of a
new reference system.

The subroutine GRAVC will compute and store the constants (PG, Section
2.10) necessary for the computation o the normal gravity in one or two reference
systems. The constants used to compute the value of the normal potential (J,,
n<5in eq. (26)) and the change in the latitude component o the deflection o the
vertical € due to the curvature of the normal plumbline (PG(5-34)) are computed as
well. When the height exceeds 25 km, the derivatives of the series (26) with
respect to the latitude and the distance from the origin, will be used for the compu-
tation o the normal gravity and the change in &. Thus, this method d computation
can, unfortunately, not be applied when the international gravity formulais used.

The values of the normal gravity, the normal potential and the change in &
are computed by calling separate entries to the subroutine. The subroutine IGPOT
computes the value of the potential W(P) and the three components o the gradient
o the potential, the value of kM, aand w, cf. eq. (25).

Let us, as usual, define V by

w? .
W=V+ g (r°cos 8)~.

The coefficient modification method is used for the computation o the values
of V and the gradient of V. This method uses the fact, that the derivative o a har-
monic function with respect to euclidian coordinates again is a harmonic function.
The potential coefficients of the (three) new harmonic functions D,v, DyV, and D;V
are computed by means o a recursion algorithm given in James (1969, eq. (3)and
(4)). The recursion algorithm is identical to the algorithm used for the evaluation
of the values o the solid spherical harmonics. This fact simplifies the computations
very much. It furthermore makes it unnecessary to store the three sets of modified
potential coefficients. They are computed for each call of the subroutine from the
original potential coefficients. The algo ithm may easily be modified to compute
higher order derivatives (without extra storage requirements). Thus, the algorithm
may also be used in case the program is extended to use second order derivatives
as observed quantities.

The value of the potential and the gradient is used to compute the residual
observation dyx,; :

The value of the potential is used together with the value of the normal
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potential (ascomputed by GRAVC) to compute a residual height anomaly. The
gradient is used to compute the residual gravity anomalies and deflection compo-

nents:

i

(972)  dyag= Agy - ((DxW)2+ (DyWy + (D;W)*)” = %),

1
(97b) d, €, = £ - (arc tan (D,W/((D,;W)2+ (DyW)%)%) - gy
(97c) 7 = My - (arc tan (DyW/DyW)-Ay) * cosopy ,

where % is the normal gravity, ?pd is the geodetic latitude plus a correction for
the curvature o the plumbline and X, the longitude.

The components o the gradient used in (97a) are evaluated in a point with
height equal to the orthometric height plus the distance h, between the reference
ellipsoid and an equipotential surface of U,= U+ T, with potential equal to the
potential of the normal potential, U on the ellipsoid. The separation b, iS computed
by evaluating T, /¥ on the eliipsoid. The other gradieuts are evaluated in the height
equal to the orthometric height.

55 Computation of,Euclidian Coordinates, Conversion of Angles to Radians,
Subroutines EUCLID, RAD.

The subroutine EUCLID computes the euclidian (rectangular) coordinates for
a point with geodetic coordinates p, X, h (ellipsoidal height) given in a reference
system with semi-major axis a and second eccentricity e by the equations PG (5-3)
and (5-5).

RAD converts angles given in either (1)degrees, minutes, arc seconds,
(2) degrees and minutes, (3) degrees or (4) (400) grades into units d radians.
Other options may easily be added.

5.6  Subroutines for Output Management and Prediction Statistics, HEAD, OUT
and COMPA.

The output requirements are discussed in Section 7. The main require-
ment is, that a determination of T must be as well documented as possible. ?
may be computed in several ways, cf. Table 1. This implies, that the output may
vary in just as many ways.
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An array OBS is used for the storage of the observed quantities, the resid-
ual observations, the contributions from the different sets of observations and the
predicted quantitics. The storage sequence of these quantities is determined by
BEAD, which also will print proper headings. The coordinates of an observed or
predicted quantity and the quantities stored in OBS are printed on the line printer
by OUT, which also will punch a part of this information when requested (see Sec-
tion 7).

COMPA uses the content of OBS for the computation of prediction statistics.
The difference between observed and predicted quantities are sampled in classes
defined by a specified class width. The number of differences in each class is
printed by COVA after the final predictions have been computed. The samplingis
done separately for Ag, & and 1. No sampling is done for C.

5.7 Subroutines for the Computation of Covariances, PRED and SUMK,
PRED computes:

(a) the vector d;~,Csor d;., Cy, (cf. eg. (78a) and (82a)).

(b) acclumn of the upper triangular part of the normal equation matrix
(eq. (80a)) d;Cyy or

(¢j the product sum d,s = dszT *by, (cf. cg. {812)).

The subroutine may theoretically work even when the observations (different
from potential coefficients) are divided in more than two groups, as long as the
total number of observations do not exceed 1600 minus the number of groups minus
one.

When the observed quantity is a pair of deflections of the vertical it is very
easy to compute the two corresponding columns o the upper triangular part of C
at the same time. This is due to the similarity of the equations for the covariances
(44)-(50)for € and . Thisfact is used in the subroutine.

We mentioned in Section 3.1, that it would facilitate the computations if the
observations were grouped according to common characteristics, i.e., e g. gravity
anomalies on the surface of the Earth inthefirst group, deflections in the second
group, gravity anomalies in 10 km's height in the third group, etc. The group
characteristics (thetype of observation and the quantity RP, ($7)) are stored in two
arrays INDEX and P, which will also contain the subscripts of the first observation
in the group within the total set of observations and a quantity related to the square
root of the variance of the observations. This quantity is used for the scaling of
the normal equations (inwhich all the diagonal elements will be equal to one).

46




The covariances are computed using the equations given in Section 2.2.
Thus, for degree-variance model 3, the covariances will be evaluated using the
subroutine SUMK as well. This subroutine computes the sum of the infinite series

1 4-2

(4+B)°  D? P ()3
3

1 s"lntpﬂ(t) and

T i~18

which are needed for the computation of the quantities covg (s, s,), cf. eq. (39)and
Tscherning and Rapp (1974, eq. (130)- (135)).

47



6. Input Specifications,

We can divide the input data in different (sometimes overlapping) groups:

(A)

(B)
(C)

(D)
(E)

Data (generally true/false values of logical variables) determining
the flow of the program (LTRAN, LPOT, LCREF, LGRID, LERNO,
LSTOP),

Data specifying selected input/output options,

Data specifying the reference systems used for coordinates and obser-
vations,

Data specifying the degree-variance model used,

Data used for the determination of T (i.e potential coefficients, gravity
values, deflections, etc.) and solutions to normal equations, and

(F) Data used to specify which quantities we want to predict.

The input flow is roughtly sketched in Figure 5. The position o the
integers 1-5 in the diagram indicates the beginning of the input data belonging to
one of the 5 groups described below:

1

up to
one
repetition

® Figure 5. The Input Flow.
() Input data of category

(A)-(F)mentioned in text.

Up to 8 repetitions, when the input data
has significantly different characteristics

Unlimited number of
|t repetitions

Y




The input consists exclusively o data on 80-column punch-cards. We will
describe the content of each card, but not the format of the card. Instead, the for-
mat statement number will be given (in brackets) together with a two to five digit
number, e.g. 3.013. This number will be used to identify the corresponding card
shown in the input example, Appendix B.

We will divide the data in 5 categories:

(1) Data of type (A), (B)and (C), i.e. data describing the reference
systems used,

(2) Datad type (A), (B)and (E), where the data d type (E) are the
potential coefficients,

(3) Datadf type (A), (B)and (D), i.e. data related to the degree-
variance models,

(4) Data of type (A), (B)and (E), where the data of type (E)are obser-
vations of gravity anomalies, measured gravity values, height anom-
alies and deflections of the vertical,

(5) Data of type (A), (B)and (F).

The first digit in the identifying number will be the number of the category
to which the card belongs. The other digits are used to indicate to which group
or subgroup within the category the card belongs. In case an input situation de-
pends on the content of e.g. the card 3.01 and there are two different input pos-
sibilities, the two cards will have the numbers 3.011 and 3.012 respectively.
(Dataof type (A)and (B)will, as mentioned above, in many cases be the true or
false value o alogical variable. The function of a logical variable can be explained
by writinge. g.: LE isalogical variable, which is true when XXX and false other-
wise. Thus, we will in several cases below simply write LE = XXX.)

Category 1. (Thenumbers in brackets are, as mentioned above, the corresponding
format statement numbers).

1.0 (105) The (trueor false) values of five logical variables: LTRAN=the
observations must be transformed to a new reference system, LPOT=

potential coefficients are part of input data (observation data. set x; ),
LONEQ = output the coefficients of the normal equations on the line
printer, LLEG= output a legend of the tables, which will be printed and
LE = the standard deviations of the observations to be input (otherwise
they are set equal to zero).
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1.1 (103) A text of maximally 72 characters included in apostrophes, which
identify the reference system of the observations.

1.2 (120) The semi-major axis (meters)and the inverse of the flattening of
the Geodetic Reference System. The value o two logical variables,
LPOTSD = the gravity are given in the Potsdam system and LGRS67 =
the gravity data are given in the Geodetic Reference System, 1967.

In case the gravity data are not in the Potsdam system or in GRS 1967, input of:

1.21  (121) The product of the gravity constant and the mass of the Earth
(kM) in units of meters®/ sec.

When LTRAN is true input of:

1.3 (131) The new semi-major axis (meters), the new kM (meters3/sec2),
the inverse flattening, the translation vector (dX, dY, dZ) (meters), dL=
one minus the scale factor, the three rotation angles (c,, ¢,, C,) (arc sec)
and the value o alogical variable, LCHANG, which is true when the
deflections and the height anomaly are to be corrected for a systematic
error. (Thecorrection must be given as a change 6g,, 6n,, 6, at a
point with coordinates p X,, cf. Section 5.2).

When LCHANG is true, input of:

1.31 (133) ¢, and A, in degrees, minutes and arc seconds, 6£,, 6y in arc
seconds and &4 in meters.

Category 2 Datadf this category are only input, when LPOT (card1.0) is true.
The values of kM and a, input on card 2.1, will have to be the best
available estimates, cf. Section 3.2. They must be identical to
the values input on card 1.3, when LTRAN is true.

2.0 (103) A text o maxiinally 72 characters, describing the source of the
potential coefficients.

2.1 (137) kM (meters®/sec"), a (meters), the normalized coefficient Ca,0
multiplied by 10°, the maximal degree of the coefficients and the value o

alogical variable, LFM, which is false, when the coefficients C,,are
punched on a separate card, and "C—U , §u on the same card in a sequence
increasing with i and j, and true when the coefficients are punched in the
same sequence, On a number of cards, but with a fixed number of coef-
ficients on each card. The first coefficient will, in both cases, have to
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be C,, (evenwhen this is zero) and all cards must have the same format,
asgiven by 2.1. All the coefficients have to be fully normalized and
multiplied by 10°.

2.2 (103) The format of the cards on which the coefficients are punched
(in brackets).

2.11 (formatas given by 2.2). When LFMis false, the coefficients with C;,q
on one card and C,, and S,, on one card.

212 (formatas given by 2.2). When LFM s true, the coefficients in a se-
quence increasing with i and j on a number o cards.

Category 3.  We can select one o three anomaly degree-variance models, by
giving the variable KTY PE the value 1,2 or 3, cf. Section 2.2
eg. (30), (31)and (32).

3.0 (102) KTYPE

When KTYPE is equal to 3:

3.01 (107) IK=thevariable B in equation (32).

The degree-variance model is then specified by giving

(a) the ratio R/R, between the radius of the Bjerhammar sphere and
radius o the mean Earth,

(b) the variance o the gravity anomalies on the surface o the Earth
(VARDG2), (from which the constant A, in the equations (30)-(32)
are computed, cf., e.g. equation (90)),

(c) either the "order'" IMAX of the local covariance model to be used
or a zero, which will indicate, that empirical anomaly degree-
variances are used, and in this case

(d) the empiricgl anomaly degree-variances, given on the surface of
the Earth, og(Ag, Ag), (88).
3.1  (101) R/R., VARDG2 (in mgal®) and IMAX.

When IMAX is equal to zero, input of the maximal degree, IMAXO of the degree-
variances & (Ag, AQ).
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3.11

3.12

3.13

(102) IMAXO

(103) The format of the degree-variances. These must be punched on
one or more cards, sequentially from degree 2 to IMAXO.

(format as given on card 3.12). The quantities Gg(Ag, Ag) in units of mgal®.

Categary 4. Input of up to 9 datasets with significantly different characteristics.

4.0

4.1

One dataset can, for example, be two separate datasets punched
differently, but both being gravity anomalies on the surface of the
Earth. Another dataset may consist of mean gravity anomalies, all
with the same format. Before each separate dataset, there will

be input of 2 or more cards specifying the characteristics of the
dataset.

All the records in a dataset must, be punched in the same way.

There are the following restrictions (or options): A station number
may be punched. In this case it must be the first datafield on the
card and maximally occupy seven positions. The next two data-
fields must contain the latitude and the longitude (in an arbitrary se-
guence). When the height is given, it must be punched in the next
datafield.

The following (up to four) datafields will have to contain the observed
quantity (or quantities in case of pairs of deflectipn components) and
its standard deviation. When the observation isgpair of deflections,
they have to be punched in the same sequence as the latitude and the
longitude are punched. In the last datafield the value of the logical
ILSTOP has to be punched, generally false (= blank), but true for

the last record in the dataset.

(103) Theformat of the records (inbrackets).

(202) INO=1 when a station number is punched, 0 otherwise, ILA = the
number of the datafield occupied by the latitude, ILO= the number of the
datafield occupied by the longitude (ILA and ILO will be equal to 1, 2 or

3), an integer IANG specifying the units used for the latitude and the
longitude (1for degrees, minutes, arc. sec., 2for degrees and minutes,

3 for degrees and 4 for 400-grades), |H=0 when the height is zero and

not punched and otherwise the number of the datafield in the record in
which the height is punched (generally 3 or 4), I0BS1 = the datafield number

o the first observation in the record, 10BS2 = the clatafield number of the
second observation (zerowhen there isonly one observations), the
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411

4.12

4.2

value of an integer IKP, specifying the kind of observation: 1 for height
anomalies, 2 for measured gravity or gravity anomalies (point or mean),
3 for pairs of deflections, 4 for the latitude component € and 5 for the
longitude component 7.

Then the ratio RP (87) between the sphere on which the observations are
situated and the mean Earth radius and finally 5logical variables: LPUNCH =
punch observations together with the difference between the observed quantity
and a possible contribution from the potential coefficients and a contribution
from Collocation I, LWLONG= longitude is measured positive towards west,
LMEAN = the gravity is a mean value, LSA = the standard deviations are the
same for all observations, LKM= true when the height is in units of kilo-
meters and false when the height is in meters.

When the observation is a height anomaly it will have to be given in units
of meters, and when it is a deflection component in arc seconds. But
when the observation is a gravity anomaly or a measured gravity quantity,
it is possible to specify tivo constants DM and DA, which when DA is first
added and the sum multiplied with DM will bring the observed quantity into
units of mgal,

(203) DM, DA and alogical variable LMEGR, which is true, when the ob-
servation is a measured gravity value.

When LA is true, the records of observations will not contain a standard
deviation of the observed quantity, and the standard deviation will then have
to be input separately:

(212) the standard deviation of the observations. Then the observations
are input record after record, not exceeding a total number of 1598.

(format given on card 4.0). Input as specified on card 4.1, last record
with LSTOP equal to true.

When LSTOP is true, alogical variable with the same name (i.e. LSTOP) is input.
It is true when the | ast dataset is the final dataset used in Collocation | or i,
Thefinal card will hence have the value true (T) punched in the first datafield. On
this card, in this case, the values of two other logical variables can be punched.

4.3

(230) The value of LSTOP, and when LSTOP is true, the values of two
logical variables, LRESOL = input the solutions to the normal equations

(they must then have been produced in a previous run of the program) and
LWRSOL = punch the solutions to the normal equations.
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When LSTOP is false, the input process will be repeated from card 4.0. When
LSTOP is true and LRESOL is true, input of the solutions to the normal equations:
First an identification card is read, then the solutions:

4.31 (361) Input of solutions, i.e. the cards produced in a previous run of
the program, where the logical variable LWRSOL was true.

When the set of observations is the first one (the variable LC1 isfalse),
input of alogical variable LCREF, else jump to 5.0.

4.4 (230) LCREF= a new set o observations, which will be used in collocation
II, will have to beinput,

For LCREF = true, jump back to 3.1.

Category 5.  Data specifying quantities to be predicted. This specification will
naturally have to be done in much the same way, as when the obser-
vations were specified. We need coordinates and some variables,
which specifies tile type of quantity to be predicted. There are then
two possibilities, which are distinguished by the true and false value
of the variable LGRID.

When LGRID isfalse, we will proceed in exactly the same way as
above, dealing with data of Category 4. The quantities to be pre-
dicted will be specified by a list of coordinates and 2 or more
cards specifying format and type of quantity to be predicted.

The list of coordinates may in fact be a list of observed quantities,

which we want to compare with the quantities to be predicted. If
this is the case, a logical variable LCOMP has to be true.

When LGRID is true, the predictions will have to take place in
points which form a grid. The south-west corner of the grid

will have to be specified together with the distance between

the mesh points in northern and eastern direction and the num-

ber o mesh points having the same longitude and the same latitude.

5.0 (200) Input of the logical values of LGRID, LERNO= estimate of error o
prediction is wanted and LCOMP= compare predicted and observed quan-

tities.

First time LCOMP is true, two constants used to specify the sampling width for
afrequency distribution o the difference between observed and predicted gravity
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anomalies (VG) and deflections (VF) must be input (e.g. equal to 2.0 mgal and
0.5 arc. sec.). (Thedifferencesare sampled in 21 groups.)

5.01 (203) VG and VF.
When LGRID is true:

5.02 (201) Coordinates (latitude and longitude in degrees and minutes) of the
south-west corner of the grid, the increments in latitude and in longitude
(minutes), the number of increments in northern and in eastern direction,
the value of the IKP giving the type of quantity to be predicted (see 4. 1),
RP (see4.1),LMAP= print the predicted quantities on the line printer
with all values which are predicted in points with the same latitude on
one line and all values predicted in points with the same longitude above
each other, LPUNCH = punch coordinates, predicted quantity and when
LERNO is true the estimated error, LMEAN= gravity to be predicted
is a mean value.

When LGRID is true, jump to card 5.1.

Now, when LGRID is false, we may input lists of coordinates just as above:

5.030 as 4.0 (format of records)

5.031 as 4.1, with the following changes; When LCOMP is true, LPUNCH will
mean the same as in 4.1 and the error of prediction will be punched when
LERNO is true. When LCOMP is false, the predicted quantity as given
in the new and in the old reference system will be punched together with
the error of prediction, when LERNO is true. The logical variable LSA
has no function in this phase of the computations.

When no observed quantity is contained in the record, both I0BS1 and
IOBS2 will have to be put equal to zero. Thus, in this case the record
will have to contain the height. (The program requires the presence of

at | east one datafield between the datafields occupied by the latitude and
the longitude and the datafield occupied by the logical variable LSTOP).

When IKP = 2 (weare predicting gravity quantities):
5.032 as 4.11

5.033 input as specified by 5.030.
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5.1 The value of LSTOP, true when no more quantities are to be predicted.
When LSTOP isfalse, jump to 5.0.

An input example is printed in Appendix B.

56



7. Output and Output Options.

The output from the FORTRAN program has been designed with the purpose,
that the determination of T and subsequent predictions should be as well documented
as possible. This means, that nearly everything, which is used as input also will
be output.

There are a few exceptions:
(a) data of type (A) and (B) (cf. Section 6) are not printed,
(b) the potential coefficients are not printed,

(c) a measured gravity value is not printed, but the corresponding free-air
anomaly IS,

(d) more than two decimal digits of coordinates given in minutes or seconds
and of observations are generally not reproduced.

With these exceptions all input of type (C)to (F)are printed with proper headings
on the line printer.

We will now distinguish between non-optional and optional output. The out-
put can be made on two units, unit 6 the line printer and unit 7 the card punch. Non-
optional output is output on the line printer exclusively.

Non-optional output:

-A program identification is printed giving date of program version.

-The used mean Earth radius and the reference gravity used on the sphere in
equations (20)-(22)is printed.

-The equatorial gravity and the potential of the reference ellipsoid as computed
from the constants specifying the reference systems.

-The residual observations d,-,x,, and if meaningful: the contribution from the
datum transformation, from the potential coefficients, the first dataset (Collocation
I) and the second dataset (Collocation IT) and the sum o these contributions,

-The mredicted quantity and if meaningful: the contributions from the datum trans-
formation, the potential coefficients, Collocation | and II.

-The solutions to the normal equations,

-The estimated variance d the residual observed and predicted quantities, and

~-Error messages in case e.g. certain array limits are exceeded.
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Optional output on the line-printer:

-A legend o the labels of observations and predictions, (LLEG=true),

-The difference between observed and predicted quantities (LCOMP= true),

-The estimated error d prediction (LERNO = true),

-A primitive "map" of the predictions (LGRID= true and LMAP= true). (The
predicted quantities multiplied by 100 will be printed with the values predicted
in points with the same latitude on one line and the values predicted in points
with the same longitude above each other, see the '"map', Appendix C, page 125.)

-Mean value and variance of difference between observed and predicted quantities
and table of distribution of the differences samples according to specified sample

width (LCOMP is true).

Optional output on the card punch:

-The solutions to the normal equations b, and b, (LWRSOL= true)

-the observed quantities and the residual observations (LPUNCH= true),

-the predicted quantities, the estimated error (LERNO-= true), the difference
between observed and predicted quantities (LCOMP= true), and when LCOMP
is false, the predicted quantity in the original and the new reference system.

The solutions to the normal equation can be used as input to the program,
cf. Section 6, input specification No. 4.31.

An example of the output on the line printer is given in Appendix C.
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8. Recommendations and Conclusions.

A development of a computer program as the one presented here is a task,
which can be continued for years. But at some point it is necessary to stop and
present a fully documented program version, even if it is obvious that improve-
ments can be made.

Most of the recent ideas and investigations in the field of least squares
collocation are used in the program. Hence, the program may principally be
used for

-the determination of an approximation to the anomalous potential, T and

-prediction and filtering of gravity anomalies, deflections and height
anomalies.

The determination of T may be improved in several ways. The program
should be changed so that other types of data as e. g. density anomalies, satellite
orbit perturbations, and gravity gradients can be used as observations and pre-
dictions. The program should also be able to predict potential coefficients. The
covariance models, which can be used in the program are all isotropic. The use
of a non-isotropic covariance model may improve the determination of T.

In Section 3.2 it was pointed out, that the data had to be given in a geo-
centric refe ence system. Thus, the necessary translation parameters may be
estimated by including these quantities as parameters X, cf. eqg. (7)and (9),
Tscherning (1973) and Moritz (1972, Section 6).

It is also possible to add new data to an original set of observations, with-
out having to compute and invert the full covariance matrix. This type of compu-
tation is denoted sequential collocation cf. Moritz (1973). This feature may very
easily be incorporated in the program, especially because o the flexible design
of the subroutine NES (cf. Section 5.2 and the comments given to the subroutine
in Appendix A).

The determination of potential coefficients and datum shift parameters may
also be incorporated without difficulties. But the other proposed improvements
can not be made before the theoretical background and the necessary algorithms have
been devel oped.
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Appendix

A.

B.

C.

The FORTRAN 1V program.
An input example.

An output example.
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Appendix A.
The FORTRAN IV program.

Theprogram is written in the language FORTRAN 1V, cf. BM (1973). It may
be run on an IBM model. 370 computer equipped with an B M model 3330 disk
unit. The program may be compiled and executed using the catalogued pro-
cedure FORTXCLG, cf. IBM (1972, p. 89) using the following job control
language statements:

//  EXEC FORTXCLG, PARM. FORT='OPT(2)',
// TIME. FORT=(,30), REGION=252K
/IFORT. SYSINDD*

.

program statements

/IGO. FT 08F001 DD DSN=DASET, UNIT=SYSDA,
// SPACE=(12800,920), DISP=(, DELETE), DC B=(DSORG=DA, BUFNO=1)

//GO. SYSIN DD *

input data
/*
//
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PROGRAM GEODETIC COLLOCATI(iIN; VERSION 20 APR,y 1974, FORTRAN IV, (IFKM
360/70) . PROCGREAMMED BY CeCo TSCHERNINGy DANISH GEODETIC INSTITUTE/ [EPS.
GEODETIC SCIENCEe OSUa

THE PROGRAM COMPUTES AN APPROXIMATINN TO THE ANNMALOUS POTENTIAL OF
THE EARTH USING STEPWISE LEAST SQUARES COLLOCATION. THE METHOD REQUI-
RES THE SPFCIFICATION OF (1) ONE Oh TWQ (AND IN A SPFCIAL CASE THREE)
SETS OF OBSERVED QUANTITIES WITH KNOWN STANDARD DEVIATIONS AQD (2) ONE
OR TWO COVARIANCE FUNCTIONS.

THE COVARIANCE FUNCTIONS USFD ARE ISOTROPIC, THEY ARE SPECIFIED BY A
SET OF EMPIRICAL ANOMALY DEGREE~VARIANCES OF PEGRFF L E S THAN AN
INTEGER VARIAERLE IMAX, AND EY A ANOMALY DEGREFE-VARIANCE MODEL FOR THE
DEGREF-VARIANCES OF DEGREF GRFATHER THAN IMAX.

THE OBSERVATIONS MAY BF POVENTIAL COEFFICIENTS, MEAN OR POINT GRAVITY
ANOMALIES s HFIGHT ANOMALIES AND DEFLECTIONS OF TYE VERTICAL. A FIL-~
TERING OF THE OBSERVATIONS TAKES PLACE SIMULTANESUSLY WITH THF DETER-
MINATION OF THE ANOMALOUS POTENTIAL.

THE DETERMINATICN IS MALE IN A KRUMBER GF STEPS ENUAL TO THE NUMBER (OF
SETS CF OPSERVATIONS. WHEN POTENTI AL CCFFFICIENTS AFE USEDs WHLL THE-
ESE FORM A SEPERATE SET AND THE TOTAL NUMBER QOF SETS MAY IN THIS CASE
AMOUNT TO THREE,

EACH DATASET (EACH STEP) WILL DETERMIUE A HAGMONIC FUNCTIOMN, AND THE
ANOMALCUS POTENTTAL WILL BE EQUAL TO THE SUM OF THEESE (MAXIMALLY
THREE) FUNCTIONS.

POTENTIAL COEFFICIENTS WILL DETERMINE A FUNCTIOMN EQUAL TO THE COFFFI-
CIENTS MULTIPLIED BY THE CORRESPONDING SOLID SPHERICAL HARMONICS. THE
UP TO TWO SETS OF DATA DIFFERENT FRPM POTENTIAL COEFFICIENTS WILL
FACH RE USED TO DETERMINE CONSTANTS B{I}. THE COPRESPONNDING HARMONIC
FUNCTIONS ARE THEN FQUAL TO THEESE CONSTANTS MULTIPLIED 8Y TYE COVA-
RIANCE BETWEEN THE OBSERVATIONS AND THE VALUE OF THE ANGMALQOUS POT-
ENTIAL IN A PCINTs Pa

THE MAIN FUNCTION OQF THF PROCRAM IS, BESIDES THE COMPUTATION OF THE
CONSTANTS (0 S THE PREDICTION GF THE QUANTITIES 2ZFTA, DELTA G, KSI
AND ETA IN POINTS Q. THE PREDICTED VALUE IS EQUAL TO THE PRODUCT SUM
OF BUI} AND TEE COVARIANCE EETWEFN OBSERVATION NO.I AND THE QUANTITY
TC BRF PREDICTED.

REF(A): TSCHERNINGsC.C. AND R.H.RAPP: CLQOSED COVARIANCE FXPRESSIONS
FOR GRAVITY ANOMALIES, GEQID UNDULATIONS, AND DEFLECTIONS OF
THE VERTICAL IMPLIED BY ANOMALY DEGREE-VARIANCE MODELS. DEP-
ARTMENT OF GFODETIC SCIENCF, THE OHIO STATE UNIVERSITYs
REPORT NO. 208, 1974,

REF(B): TSCHERNING4+CeCe: A FORTRAN 1V PRGGRAM FOR THE DETERMINATION
OF THE ANOMALOUS POTENTHN AL USING STEPWISE LEAST SQUARES COL-
LOCATION,s DEPARTMEMT OF GEQDETIC SCIENCF, THE DOHIO STATE UNI-
VERSITY, REPORT NO. 212, 1974,

REF(C): HFISKANEN W.A. AND H.MORITZ: PHYSICAL GFOLESY, 1067,

REF(D): JAMES; ReWe: GEOFHYSeJsReASTR.SOC.s (1969) 17, 305.

IMPLICIT INTEGER({I,JsKyMeN)y LOGICAL(L)REAL *B{A-H,0-Z)}
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COMMON/PR/SIGMA(250),SIGMAD(250) ,B(160N)},P(42]),

¥SINLAT(1600) ,COSLAT(1600) yRLAT(LIENN) GRLONG(IE00)},COSLAP,SINLAP,

%RLATP yRLONGP 3y PP 4PRETAPyPREDPyPWyLONFCO, LNKSIP 4LNETAP,LDFFVO L NDFP,

HLGKPy LNGR 4LKEQL yLKFC3yLKNEL s IVIaNI 4 NRGKTYPE,INDEX(47)
IN /PR/ AKF STORED: DEGREE~VARIANCES (SIGMA,SIGMAO), THE CONSTANTS
B(I}y TWO CATALOGES OF OBSERVATIONS (2 AND 1 NDEX), LATITUDE AND COS,
SIN HERENDF AND LONGITUDE OF THE ObSERVATIOM POINT (SINLAT,COSLAT.PLAT,
RLONG) y CCRRESPONDING QUANTITIES FOR PDINT OF PRENICTION (P), RATIO RP
BETWEFN RADIUS OF SPHERE GN WHICH P IS SITUATED PND RB, TWO VARTABLES
IN WHICH PREDICTICNS AREF ACCUMULATED (PRFOP,PRETAP), A QUANTITY RELA-
TED TO TwE VARKIANCE OF THE OPSERVATIONS CR PREDICTIONS {PW), LOGICAL
VARTAELES USED TO DISTINGUISH BETWEEN DIFFERENT PREDICTION SITUATIONS
AND COVAR TANCE MODELS.

COMMON /CRW/WDBES(1£00)

IN /CPW/ ARE STORED THE APRIDRI STANDARD DEVIATIONS AS LONC AS THEY
APE NEEDED. THE STORAGE LOCATIONS ARE LATER USED FOR OTHER PURPQRSFS.

COMMON /EUCL/XeYyZ o XY XY240ISTR,01ISTZ
C IN //EUCLID/ APE STORED: THE EUCLIDIAN COORDINATES 0OF A POINT, THE
C DISTANCE aND THF SGQGUARE OF THE DISTANCE FROM THE Z- AXIS XY, XY3 AND
C THE CISTANCE AND THE SQUARF OF THE GISTANCF FROM THF ORIGIN DISTO AND
C DIST?.

COMMON /NESOL/C(4T00) yNCAT(100) yISZE{IND0) 4 NBL{310)4MAXBL, 1D

C IN /NESQOL/ ARE STORED: TWE ARRAY C USED TO TRANSFER TYE COEFFICIENTS
C OF THE NORMAL FQUATIONS AND THE SOLUTIONS TO AND FTOM DISK-~STOPAGE,
C NCAT, ISZE AND NBL HOLDS INFORMATION ABQOUT THE STORAGE SEQUENCF OF THE
C
c
C

OOOO0COOO0OO0

oM el

COLUMNS,; MAXEL IS THE NUMBER (OF BLNCKS OF SIZE C+NCAT+ISZE USFD NN THF
DISK* 1Q POINTS ON THE TRACK ON THE DISK AREA IN WHICH DATA IS TO EE
STOPED OR RETRIVED.
COMMON/OUTC/K29 K3y Kayg U K214 TUY s TANG, LPUNCH,LOUTC o LNTRAN, LNERNQ
%y LK30
COMMON /CHEAD/TA9IByIHyIP IT,IA14IB1,IP14y1T1,1C1,IC11,K1,10BS1,
*10BS2,LPCT4LC1,LC24LCREF,LKM
IN /0UTC/ AND /CHEAL/ ARE STORED INFORMATION USED TO HAYDLE THE DIF=-
FERENT 1/0 SITUATIONS.
COMMON/NOBSER/OBS(20)
COMMON /DCON/DO+D1,02,D3
COMMON /SCK/IKy1KO,1K1,41K2,IKA

(@ Ne]

DIMENSION IMAP(400) +FMT(9)3WP(5)+C1(1600),C2(1600)4+C32(1500)
*y COFF (630)
EQUIVALENCE (C(1),C1{1)),(C{1601),C2(1)),(C(3201),C3(1))

DATA REZGM/6371.003,3.98019/,LNEQ,LT
¥y LDEFF 4y LFyLGRIDyLERNOSLCOMP 4 LCOMZLWLONGy LPRED/ 2%, TRUE .y 8% ,FALSE.
*/ g NOgNAT g NLAZIC ISy ISOyI1sJR/6X0,42%2/

THE DIRECT=ACESS FILE DEFINED HERE IS USED FOR THE STORAGE 0OF THE
COEFFICIENTS OF THE NORMAL EQUATIONS. IT CAN HAVE UP T3 310 RECORDS
OF NT%3200 4-PYTE WORDS EACH. THE LIMIT IS ONLY DETERMINED BY THE DI-

OO0
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c

c
C

C
C

COOOOO0

MENSION DF THE ARRAY NRL {IN THE COMMON BLOCK /NESDL/}.
DEFINE FILE EB(920,3200,U,1Q}

INITIALIZATION OF VARIARLES, WHICH ARE 1IN COMMON BLDCKS.

DO = 0.0D0
D1 = 1.0D0
D2 = 2.0D0
D3 = 3.000
P(1} = DO
PL21} = DO

COSLAT(1600} = DI

SINLAT(1600) = 0O

RLAT{ 1&00) = DO

RLONG({1600G) = DO

CLA = PO

WP{1} = REXx®Z/GM

W = RE*%2 /CM¥Z206264.80600

WP(2) D1

WP{3)

WP (4)

WP(5)

BT =0

1P = 0O

LNERND = LT

LCPEF = LF

LC1 = LF

LC2 = LF

INDEX{1) = O

Do 1200 1
1700 SIGMAOL(L)

===

1, 250
DO

HEADINGS AND DEFINING CONSTANTS,
WRITE(6+104])

104 FORMAT(!1CGEODETIC COLLOCATIONSVERSION 20 APR 1974.%'//}
WRITE(6,113}

113 FORMAT(*ONDTE THAT THE FUNCTIONALS ARE IN SPHERICAL APPROXIMATION®
*/? MEAN RADIUS = RE = 6371 KM AND MEAN GRAVITY 981 KGAL USED.?)

INPUT OF 5 LOGICAL VARIABLESy LTRAN = COORDINATFS ARE T0! SE TRANS=
FORMED TO NEW RFFERENCE SYSTEMs LPOT = POTEYTIAL COEFFICIENTS ARE TO
BE USED AS FIRST SET OF GBSERVATIONS, LONEQ = OUTPUT COEFFICIENTS OF
NORMAL EQUATIONS ON UNIT 69 LLEGN = OUTPUT LEGEND OF TABLES OF DORSFR=
VATIOYS OR PREDICTIONS AND LE = TAKE ERRORS OF OBSERVATIONS INTO AC-
COUNT.

READ({5+105)LTRANyLPOT LONEQ+LLEGLE
BO5 FORMAT(5L2)

LNTRAN = .NOT.LTRAN

LNPOT = NOTLLPOT

IF {(4NOT.LE) WRITE(6,118)
118 FORMAT(' ERRORS IN CBSERVATIONS ARE NOT TAKFN INTO ACCOUNT. ')
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| F (LLEG) WRITF(64114)

114 FORMAT(*OLEGEND OF TABLES OF QESERVATIONS AND PREDICTINNSzt,/,
¥ 0BS = ORSERVED VALUE (WHEN BOTH COMPONENTS 0OF DEFLECTIONS ARF?/,
** UBSERVE[L ETA BFLOW KSI)y DIF =THE DIFFEREMCEF BETWEEMN O3 SFRVFD!/,
' AND PRETICTED VALUF, WHEM PREDICTIONS ARE: COMPUTFD AND RLSE'/,
%' THF RESIDUAL GBSERVATION, ERR = FSTIMATED ERRQOR OF PRENICTIONS/,
*¥¢ TRA = CONTRIBUTICN FROM DATUM TRANSFORMATICON, POT = CONTRI='/,
¥' BUTION FROM POTENTIAL COEFFICIENTS, COLL = CONTRIBUTION FROME/,
¥t COLLOCATION DETERMINED PART OF FSTIMATE, WHEN THERE ONLY HASH!/,
9 PEFY USED ONE SET QF GBSERVATIONS (DIFFERENT FROM POT.COFFF,.)®/,
¥ COLLYI = CONTRIBUTION FROM ESTIMATE OF ANOMALNUS P0OT. DETER=-'/,
¢ MINFD FSOM FIRST SET OF OBSERVATIONS, COLLZ2 = CONTRIBUTION®/,
%t FROM ESTIMATE OBTAINED FROM SECOND SET OF ORSFRVATIONS, PRED=Y/,
%¢ PREDICTFD VALUE IN NEW REFFRENCE SYSTEM, WHEN PREDICTIONS APE'/,
** COMPUTECD AMD FLSE THE SUM OF THF CONTRIBUTIONS FROM THF PNDT.%/,
%¥?* COEFFICIENTS AND FIRST ESTIMATE OF ANOMALOUS POTENTIAL. AND'/,
%1 PRE[~TRA = PREDICTIPN PR SU¥ OF CONTRIEBUTINANS IN THF OLL ReE=%/,
' FERENCE SYSTEM.")

C INPUT OF DATA OF REFERFYCF SYSTEM.
WRITE(64,106)
106 FORMATI{'OREFERENCE SYSTEM:')
C INPUT OF TFXT DESCRIBING REFERENCE SYSTEM (MAX.72 CHARACTERS).
READ(5:103)FMT
WRITE (64 FMT)
C INPUT OF SEMI-MAJOR AXIS (METERS)s 1/FLATTENINGs VALUE OF TWO LOGICAL
C VARIABLES, LPGTSD = GRAVITY IN POTSDAM SYSTFM AND LGRS67 = GPAVITY RE=-
C FER TO GRS 1967.
READ(54120)AX14F0O4LPOTSD,LGRSGT
120 FORMAT(F1l0.1,F10.5,2L2)
F1 = D1/FN
E21 = F1*%{(N2-F1)
IF (LPOTSD.ORLLGRSETY GO TO 1021
C INPUT OF GM OF PEFERENCF- SYSTFM OF ORSERVATIONS.
READ(5,121)CM1
121 FORMATI(D15.8)
1021 IF{.NOT.LGRSET) CALL CRAVC(AX14F1,GM1,+0,LPOTSDUREFC,05RFF)
| F (LGRS6ET) CALL GRAVC(6378160.0D0,01/298.247T17D0,3.96603D14,0,
*®LFeURFFO,GREF)
WRITE(64122}AX1+FO,GREF(UREFOQ
122 FORMAT(*QOA =8, F10.1,t Mo/,
x®® 1/F I'QFIO'S/p
*? REFLGRAVITY AT EQUATOR =%",F12.2+' MGAL'/,
U POTENTIAL AT REF.ELL. =9 4F12.2+% M¥X2/SECH*2Y/,
%% GRAVITY FORMULA:Y)
IF (LPOTSD) WRITE{(64123)
IF (JNOT.(LPOTSCOF LGRSET)IWRITE(6,4124)GM]
123 FORMAT(® INTERNATIONAL GRAVITY FORMULA, POTSDAM SYSTEM.')
124 FORMAT(Y COEFFICIENTS COMPUTED, USING GM =*,D15.8/)

67



OO0

C

IF (LOGRSETIWRITE(E,125)
125 FORMAT(* GRS 1967 USED.Y)

LNTP = LNPOT.ANDLLNTRAN
IF (LNTP) GO TO 1030
IF (LNTRAN) GO T0O 1097

INPUT OF TRANSFOPMATION ELEMENTS: NEW SEMI-MAJOR AXIS (AX2, MEFTERS),
NEW CM (GM2, METERS®¥Z/SECH%2], 1/FLATTENING, THE COORDINATES NF THE
CENTER QF THE REFERENCF ELLIPSOID { THE TRANSLATION VECT2R) (DX,DY.NZ)
IN METERSs THF CHANGE DL IN SCALE, AND THF ROTATION ANGLES EPSI1, EPSZ.
EPS3 ARCGUND THE X,Y,Z AXES IN ARCSEC. THEN THE VALUF OF A LOGICAL
VARTABLE LCHANG, WHICHY IS TRUE, WYEN WHEN TUE DEFLECTIONS AND THF
HEICHT ANOMALIES (BUT NGT THE CCORDINATES) HAVE TN BE CHANGED. THIS
CHANGE MUST BE GIVEN AS A CHANGE IN THE NEFLECTIONS AND THE HEICHT
ANOMALY IN A PGINT WITH COBRDINATES (LATO, LONGO}.

THE COCRDINATES MUST BF INPUT IN DFGRFES, MINUTES AND SFCONDSe FOL-
LOWED BY THRE TRANSFORMATION ELEMENTS IN KSIe ETA AND ZETA (DKSIOs
DETAO,DZETACY IN ARCSEC ANO METERS.

READ(Es131)AX23GM23F230LsDXsNYDZ4EPS]1,LEPS2,EPS3,LOHANG
131 FORMATIFI04Y D157 eF1054D1Ca2/3FT4143F6,2,L2)
WRITE (65 122VAX2 sGM2,,F 24 0L DX DY DZEPSLFPS2,EPS3

132 FORMAT ('O NFEW A NEW GM NEW 1/F%/,
¥F10.1,015.7,F10.5,//
% DL oX Dy D2 4/ sD10e2:3FT7cle/ /s
*V  EPSY1  EPS2 EPS3%,/+:3F6.2)
F2 = Dl/F2

E22 = F2%(D2-F2)
CALL GRAVCIAXZ4F2+GM2415,LFUREFO,GREF)
WRITE (63125 )GREF,UREFQ
135 FORMAT{'0 NEW REF, GRAVITY AT EQUATOR=',F12.25% MGAL",/
' NEW POTENTIAL AT ELLIPSOID =f,F12.2,% M¥%k2/SECX%2%,/)
IF (NOT.LCHANG) GO TO 1022

READ(S5,133)I0LAT MLAT4SLAT,IOLONsMLON,SLON,DKSIO,DETAQ,DZETAD
133 FORMAT{ZI3yFHe24213yF6a2s2F62)

WRITE(6+134) IDLAT yMLAT, SLAT s IDLONSsMLON, SLON,DKSIOZDETAN,DZRETAD
124 FORMAT('ODREFLECTIONS AND HEIGHT ANOMALIES CHANGED INt4/,

*f  LATITUCE LONGITUDE BY CKSI DETA DZETA',/,

*¥213:F6.292129F66233F7.2)

CALL RAD(IDLATsMLATsSLAT,RLATO,1)

CALL RALG(IDLON,MLON,SLONyRLONGO,1)

1022 CALL ITRAN(DX DY,DZ,EPS1,EPSZ,EPS23,DLAX2,E22,RLATORLONGO,

*DKSIOsDETAOSDZETAO, LCHANG)

GO 7O 1008
1097 E22 = E21
AXZ = AX1

1008 IF (LNPQOT) GO TO 1020
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C

c

Cc
Cc
Cc

INPUT OF TFXT DESCRIBING SOURCE OF THE POTENTIAL COEFFICIENTS (MAX. 73
CHARACTERS) .
READ(5,103)FMT
WRITE(&,130)
130 FORMAT(*OSOURCE OF THF POTFNTIAL COEFFICIENTS USED:')
WRITE(6,FMT)

INPUT OF GM (METERS**32/SEC*#%2), A (METERS), THE NORMALIZED CONEFFICIENT
CF DEGREE TwD AND OPCEP ZERC (TRE SECOND DEGRFE ZONAL HARMNONIC) MUL-
TIPLIED 8Y 1.0D6y THE MAXIMAL DEGREE OF THE COEFFICIENTSy A LCGICAL
VARITABLE, TPUE WHEN THE COEFFICIEYTS ARE PUNCHED WITH A FIXED NUMBER
ON EACH CARD AND FALSE, WHEN THF COEFFICIENTS OF THE ZOMAL HARMONICS
ARF PUNCHED SEPERATLY ON ONE CARP AND TYE 0OTHFR COFFFICIENTS WITH THE
COEFFICIENTS OF THF SAMF CROER AND DEGREE ONE ONE CARD. IN BOTH CASES
MUST TWE COEFFICIENTS EF PUNCWRED ACCORDING TO INCREASING DEGREF AND
ORDER. ALL COEFFICIEYTS MUST EE NORMALIZED AND MULTIPLIED BY 1.0D6.

READ(54+137)GMPAXsCOFF(5) JNMAX LFM
137 FORMAT(D15.83,F11414F10e4,14,L72)

WRITE (649128)GMP,AX s COFF (5 ) yNMAX
138 FORMATI('O GH A CCFF (5) MAX.DEGREE?",/

*¥015:.84F11e19F10e4,14)

I F (NMAX.LT.24) GO TO 1009

WRITE(6,140)
140 FORMAT(* YMAX TOO BIG.')

GO TO 9969

1009 NZ = (NMEX+1)*%x2
INPUT OF FQORMAT OF COEFF.

READ(5,4102)FMT
IF (LFM) CO TG 1225
READ(S FMT) (COFF(L),
M =9
DO 1224 J = 34 NMAX
IJN = JM+1
IM = JUN+2*J
READ(5,FMT)}COFF (JUN)
JN = JN+1

1224 READ(S5FMTY(COFF(I),y 1
GG TO 1226

1225 READ(S,FMT)(COFFIT), 1

1226 DO 1034 1 = 1, 4
COFF(I1+N2) = DO

1034 COFF(1) = GO

6y 9)

[}

i

JNy JM)

6y N2)

CALL IGPOTI(GMP, AXCRFFyNZ2+4,NMAX)
[F (.NOT<LTRAN) CALL GRAVC(AX+F1,GMP4154LF,UREFQ,GRFF)

COLLOCATION SECTICON: INITIALIZATION OF VARIABLES.
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