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Abstract 

The theory of sequential least squares collocation, as  applied to the 
determination of an approximation ?? to the anomalous potential of the Earth T, 
and to the prediction and filtering of quantities related in a linear manner to T, 
is developed. 

The practical implementation of the theory in the form of a FORTRAN 
IV program is presented, and detailed instructions for the use of this program 
are given. 

The program requires the specification of (1) a covariance function 
of the gravity anomalies and (2) a se t  of observed quantities (with known stan- 
dard deviations). 

The covariance function is required to be isotropic. It is specified 
by a se t  of empirical anomaly degree-variances all of degree less than or  
equal to an integer I and by selecting the anomaly degree-variances of degree 
greater than I according to one of three possible degree-variance models. The 
observations may be potential coefficients, mean o r  point gravity anomalies, 
height anomalies o r  deflections of the vertical. A filtering of the observations 
will take place simultaneously with the determination of ?. 

The program may be used for the prediction of height anomalies, 
gravity anomalies and deflections of the vertical. Estimates of the standard 
e r ror  of the predicted quantities may be obtained a s  well. 

The observations may be given in a local geodetic reference system. 
In this case parameters for a datum shift to a geocentric reference system 
must be specified. The predictions will be given in both the local and the geo- 
centric reference system. 

N 

T may be computed stepwise, i. e. the observations may be divided 
in up to three groups. (The limit of three is only attained when potential 
coefficients a r e  observed, in which case these quantities will form the f irst  set 
of observations. ) Each set  of observations will determine a harmonic function 
and Twill be equal to the sum of these functions. 

N 

The function T determined by the program will be a (global o r  local) 
solution to the problem of Bjerhammar, i. e. , it will be harmonic outside a 
sphere enclosed in the Earth, and it will agree with the filtered observations. 
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1. Introduction. 

The theory of least squares collocation has been discussed extensively by 
Kramp (1969), hloritz (1972, 1973), Lauritzen (1973), Grafarend (1973) and 
Tscherning (1973). Collocation was originally introduced by Krarup (1969) a s  a 
method for the deter~nination of the anomalous potential using different kinds of 
observations. Primari ly Moritz (1972) has extended the theory to a wider field. 
This report will only consider the use of least  squares collocation for  the deter-  
mination of the anomalous potential, T and the estimation of quantities dependent 
on T. 

We will regard the problem of the determination of T a s  being equivalent 
to the solution of the Bjerhammar-problem, i. e.  the determination of a function, 
harmonic outside a sphere totally enclosed in the Earth and regular a t  infinity, 
which agrees with observed values of e.  g. gravity anomalies and deflections of 
the vertical. 

It is not required, that the observations and the solution agree  exactly. 
The observations will contain a certain amount of "noise", the magnitude of which 
is specified by an estimatecl stmckird e r ro r .  

Least squares collocation will fil ter out some of this noise, and the 
solution will agree cxactly with t,he filtered observations. 

N 

Having determined a solution, T ,  to the Bjerhammar problem, this 
function can naturally he used to compute geoid heights (or  more correctly, 
height anomalies), gravity anomalies o r  deflections of the vertical in points in 
the s e t  of harmonicity. Hence, by solving the Bjerhammar problem, we have 
implicitly also solved e .  g. the problems of interpolation o r  extrapolation (pre-  
diction) of gravity anomalies o r  deflections and the problem of astrogeodetic o r  
astrogravimetric geoid computation. 

An Algol-program, which used this approach was published in Tscherning 
(1972). The program could only handle a very limited amount of observations. 
In the FORTRAN IV program presented in this report,  we have taken advantage 
of the availability of a computer (IBhI System 370), which has large core storage 
and fast peripherial units (disks),  s o  that very large amounts of data can be 
treated. Thus, the use of FORTRAN IV, which does not have variable dimension- 
ing of amays ,  has required that certain (arbi trary)  limits have been put on e.g. 
the number of observations, which the program can handle. 



h section 2 we will present the basic equations of least  squares collocation a s  
applied to the Bjerhammar problem. We will also discuss the method of step- 
wise collocation, which differs solnewhat from the p

r

ocedure described by 
Moritz (1973). All the observed quantities must be in the same reference system. 
This requirement is discussed in section 3. The main lines of function of the 
FORTRAN IV program is described in section 4. The most important details 
a r e  given in the following section, which especially discusses the subprograms 
used. Input and output options a r e  described in sections G and 7 respectively, 
and the final section 8 contains some recommendations and conclusions. The 
FORTRAN program, an input and an output example a r e  contained in an ap- 
pendix. 

References a r e  given by author name and year, with one exception: 
Heiskanen and Moritz, Physical Geodesy, will be referenced only by PG, 
because references to this book occur frequently. 



2. The Basic Equations 

There a r e  two ways of approach to least squares collocation. A mathe- 
matical (functional analytic) and a statistical. The mathematical approach is the 
most well founded and without dark spots. But its appreciation requires a math- 
matical background, which not yet is common among geodesists. The statistical 
approach is with a first glance less difficult and gives a sufficient insight. This 
means, that a geodesist, well educated in the theory and application of least 
squares adjustmcnt, will be able to use the method. 

We will, without hereby having questioned the intellectual ability of the 
reader, use the statistical approach in the following presentation of the basic 
equations of least squares collocation. 

2 .1  Least sauares collocation. 

Let us suppose, that T is an element of a sample space H of functions 
harmonic outside a sphere totally enclosed in the Earth. We will denote the 
probability measure of H by @. Let the random variables Yp be the mappings, 
which relate a function in H to the value of the function in the point P ,  i.e. 
Yp (T) = T(P).  The variables Yp will then form a stochastic process with the 
se t  of harnzonicity a s  index set  (provided P fulfills some basic requirements see  
e. g. Grafarend (1973)). The covariance between two random variables Yp , YQ 
will be denoted cov(Tp , TQ ) , because Yp(T) = T(P) and YQ (T) = T(Q). It is equal 
to: 

We will require, that the variance cov(Tp , Tq) is finite. 

Example. Following Meissl (1971), the probability measure 9 may be 
defined by specifying the distribution of the random variables, Y, , which maps 

m 
T into its coefficient v& in a development of T a s  a series in solid spherical har- 
monics. Let u s  suppose that this random variable has a Gaussian distribution 
with mean value zero and variance oe(T, ~)/m only depending of the degree 
4, we will then have 



where $ is the spherical distance between P and Q, r and r' the distance of P and 
Q from the origin, R the radius of the (l3jerhammar)-sphere bounding the set of 
harmonicity and Pi (cos J r )  the Legendre polynomial of degree 1. 

The constants ol(T, T) a r e  called the (potential) degree variances. The CO- 

variance function will be isotropic, i. e. invariant with respect to rotations of 
the pair of points P and Q around the origin* 

From the random variables Yp we may form a second order stochastic 
field. This field consists of all random variables, which a r e  linear combinations 
o r  limits of linear combinations of a finite number of these random variables and 
which have finite variance, (cf. e.g. Parzen (1967), page 260). 

Their covariances can all be derived from the covariance (1). Let us 
regard 

Then 

And generally for quantities si  and s , where 

we have 

(We have here implicitly presupposed, that cov (Tp, S J )  regarded a s  a function of 
P and Y j  (cov(Tp, TQ )) regarded a s  a function of Q, a r e  elements of the sample 
space H, i. e. that they a re  harmonic. This will be proved below). 

The equation (3) is the so called law of propagation of covariances, 
Moritz (1972, page 97). 



We wi l l  denote 

(4) c l j  = cov(s,,  s j ) ,  C = {c l j  ] a q x q  matrix,  

( 5 )  cp1 = cov(Tp , si) ,  Cp= {cP1 ] a q-vector and 

(We will below use subscripted quantities in brackets, { ] to denote vectors o r  
matrices. In case the limit(s) of the subscript(s) a r e  not obvious, the upper 
limit(s) will be indicated by subscripts, i, e. C = {cil l,,, ). 

We will have to regard one more kind of random quantities (independent 
of the above discussed), namely the random noise, n. A random variable will 
be associated with each of the random varial~les Ys. They a r e  al l  supposed to be 
Gaussian distributed with mean value zero, known variance (denoted 0:) and un- 
correlated. The covariance matrix, which hence is a diagonal matrix, will be 

2 denoted D =  {dl j  3 ,  dil = OS 

Following Moritz (1972), the basic equation of llobservationfl is  

where X is the measurement o r  observation, S' the corresponding l1signalU and n 
is the noise. X, S' and n a r e  q-vectors, where q is the number of observations. 
The n-vector X comprises n parameters, and A is a known q x  m matrix. 

Let us  now assume, that we want to estimate the outcome S of a stochastic 
variable Ys , given a set  of observed quantities X, Denoting C = C+D we obtain from 
Moritz (1972, eq. (2-38) and (2-35)) 

where the superscript T means transposition. 

The corresponding estimate of the e r r o r  of estimation m?(of S) and Exx (of 
X) a re ,  cf. Moritz (1972, eq. (3-38) and (3-33)) 



T - 1  with h, = C. C and C,. is the variance of S. 

The program presented in this report can only handle the non-parametric 
(i.e. X =  0) case. But the general equations a r e  presented here, so that we later 
on can point out the main changes, which will have to be made in order to 
incorporate the parameters X. 

The special case we will consider here can then be described by the follow- 
ing equations : 

T --l (12) s = C .  C x and 

T  
The filtered observations E'are obtained from (12) by substituting C for 

c:. 

The equations (12) and (13) differ from the equations given by PG(eq. (7-63) 
and (7-64)) only in that C has been substituted for  C and that we a r e  not restricted to 
consider only gravity anomalies. 

The quantities we want to consider here a r e  potential coefficients, gravity 
anomalies, deflections of the vertical and height anomalies. They a r e  all (at  
least in spherical approximation) expressible a s  either linear combinations o r  
limits of linear combinations of values of the anomalous potential. We will pre- 
suppose, that the variances of the corresponding stochastic variables al l  a re  
finite. Equation (3) is hence valid for these kinds of quantities. 

The value of the Laplace operator A, applied on T and evaluated in a point 
P in the set of harmonicity, 

is related to a stoclmstic variable, YATp. This variable will also belong to the 
stochastic field (variance zero) and we will have for an arbitrary stochastic 
variable Y, : 



Hence, the covariance between a quantity S and the value of the anomalous 
potential in P is  a harmonic function (regarded a s  a function of P). 

Let us  now assume, that we want to estimat the value of T in a point P 
from a se t  of observations X =  {X, 1, i = l , .  . . ,q. We then have from (12), 

Introduc ting the solution vector 

we have 
9 

N 

(17) T (P) = C: b = [ c o v ( ~ ,  , S, )IT [b, } = 1 cov (Tp, S, )bl 
i= l 

Using (11) we see that 
Q 

i. e. ?? (P )  is  a harmonic function. 

By also requiring, that the functions in the sample space H a r e  regular a t  
infinity, it can be shown, that ?(P) is regular a t  infinity a s  well. 

We have then obtained a solution to the problem of Bjerhammar, if we 
2 can prove, that the g, = S, = X, for us, (or  d,,) = 0. But this is easily seen, ' 

because 
a 

This fact makes available an easy test of a collocation program. The used obser- 
vations a r e  predicted and it is  checked, that the predictions agree with the obser- 
ved values (and that the estimates of the e r r o r  of prediction a r e  zero). 



2.2 Equations for  the covariances of and between gravity anomalies, 
deflections of the vertical, height anomalies and potential coefficients. 

The relation (3) between the signal and the anolnalous potential has been 
given in Tscherning and Rapp (1974), eq. (30)-(33)) in spherical approxima~ion 
for gravity anomalies, height anomalies and deflections of the vertical. We 
have for the height anomaly in P 

the latitude component of the deflection of the vertical 

the longitude component of the deflection of the vertical 

the point (free-air) gravity anomaly 

and the mean (free-air) gravity anomaly 

where r is the distance froin the origin, rp the latitude, X the longitude, y the 
reference gravity and A the area  over which the mean gravity value is computed. 

We may, a s  explained in Tscherning and Rapp (1974, section 10) repre-  
sent mean gravity anomalies by point anomalies in a certain height above the 
center of the a r ea  A.  For this reason we will not in the following distinguish be- 
tween mean and point gravity anomalies. The program is able to use all the 
quantities (20)-(24) a s  observed quantities for the computation of ?. The same 
kind of quantities may also be predicted by the program. 

One more kind of quantities, potential coefficients, can be used, though 
only a s  observed quantities. The given coefficients will generally be the 
coefficients of the potential of the Earth, W, expanded in spherical harmonics 
and not the coefficients of the ano~nalous potential. Denoting the normal potential 
by U we have 



and for W and U expanded in fully normalized spherical harmonics 

Wa +-  ( r * s i n ~ ) ~  and 
2 

W 

k M  a l  J24 - w2 
(26) U(P) = ( 1 - )C ( )  J = = ~  P,Q(COS a))+, ( r  sin Q)', 

a= l 

where w is  the speed of rotation of the Earth, 6 = 90' - 9, kM the product of the 
gravitational constant and the total mass of the Earth, the coefficients and - 
Cam the potential coefficients, and X ( c o s 8 )  an associated Legendre polynomial, 
normalized so that 

The coefficients J8a in (26) a r e  given in PG, (eq. (2-92)). 

For the potential coefficients we then have the following equation 

where wis the surface of the sphere with radius equal to the semi  major axis a 
and with center in the origin. (We a r e  now denoting two quantities by W , but since 
they a r e  used in a different context, we hope, that no confusion is caused). 

In the program it is possible to use one of three different kinds of 
(isotropic) covariance functions, which we below will distinguish by a subscript k, 
k = 1, 2 or  3. They a r e  al l  specified by a so called anomaly degree-variance 
model, i.e. by the coefficients a , , ~  (Ag, Ag) of degree A greater  than a constant I 
of the covariance function of the gravity anomalies developed in a Legendre 
series:  



where r' is the distance of Q from the origin, R the radius of the Bjerhammar 
A 

sphere, Jr = the spherical distance between P and Q and a~ (Ag, Ag) a r e  empirically 
determined coefficients. 

The three different kinds of covariance functions correspond to three of 
the five anomaly degree-variance models discussed in Tscherning and Rapp 
(1974, section 8). The models a r e  for l < =  1 ,2  and 3: 

where A, ,  k = l , 2  and 3 a r e  constants 
integer (denoted IK in the program). 

of dimension mgn12 and E is apositive 

A part of the specification of the degree-variance model is  the value of 
the radius of the Bjerhammar sphere. In the program this quantity is specified 
through the ratio R/R, , where R, is a mean Earth radius, (equal to 6371.0 km 
in the program). 

The covariance function of the anomalous potential may be expanded in a 
similar way in a Legendre series,  cf. Tscherning and Rapp (1973, eq. (144)), 

where t = cos J r ,  S = -7 R' and 
r r 

(Degree-variances of degree zero and one wi l l  always be equal to zero.) 

10 



We rearrange (33): 

Denoting 

we will have 

From this covariance function all the other covariance functions can be derived 
using the "law of propagation of covariances", eq. ( 3 )  and the equations (20)- 
(24) and (28) relating the observed quantities to the anomalous potential. 

Due to the linear relationship (39) we generally have for two arbitrary 
randoin variables Y and Y j  

where S, = Yi (T) and s J  = Y J  (T). 

For either s i  equal to Agp o r  < p  2nd s j  equal to A& or  can the quantity 
cov: (si , sl) be represented by a closed expression, cf. Tschcrning and Rapp 
(1974, equations (105)-(107), (115)-(117) and (130)-(132)). 



For the other part, cov; (si , s J )  we have (from Tscherning and Rapp 11974 
equations (145)-(150) and (50))) 

with 

Covariance functions, cov(si,  sj ), where either si o r  s j  is a deflection 
component can not explicitly be found in Tscllerning and Rapp (1974). But using 
the equations (20)-(24) we get (K = K ( P ,  Q) = cov, (Tp Tq )): 



Applying these equations on cov, (Tp, TQ), (39) shows, that the quantities we need 
to determine a r e  (apart from the derivatives of t with respect to the latitude and 
longitude) : 

The last term in each of the equations (51)-(53) a r e  identical to Tscherning and 
Rapp (1974, eq. (108)-(110), (118)-(120) and (133)-(135)) for k =  1 ,2 ,3 .  

For  the first term in each of the three equations we have, using (41), (42) 
and (43): 

I 



with pi ( t )  = DtP (t) and ~,"(t.) = D:P,(~). 
A a 

The sums (54) - (56) a r e  evaluated in the program (subroutine PRED) using 
the recu

r

sion algodhm given in Tscherning and Rapp (1974, section 9 ) .  

To avoid numerical prohleins for P near to Q, the following expressions 
a r e  used fo r  the evaluation of t and the derivatives of t with respect to and cc': 
(denoting: d X = X - X / a ~ ~ d d ~ = c o - ~ ' ) :  

I (57) t = c o s $ = s i n a 0 s i r , ~  + c o s ~ * c o s c o ' ~ c o s ( d ~ )  

=cos (dq) - cos cp ' cos * (1 - COS ( d X ) )  

= 1 - 2 (S in2 (&o/2)+ cos cos c; sin2 (dA/2)) 

(58) Dpt =cos'p * sin cpl- sin rp COB COS (dX) = -sin(dv)+Zcos q'* sin9 sin2 ( d ~ / 2 ) ,  

(59) Dmtt = sin(dcp)+2cosrp singis in2 (dh/2) and 

(60) D' ~t =cos cp * cos c p t + s h ~ * s h v ' *  cos(d~)xos(d~~)-( l -cos(dX))  *sins* sinv' 
cpcp 

We will now introduce a compact notation for the normalized surface 
harnlonics, which will facilitate the presentation of the covariances between the 
coefficients of T developed in spherical harmonics and other quantities. Denoting 



and the coefficients of T developed in spherical harmonics by vAE we have 

where s = a  in this integration and P is on the surface of the sphere of radius a. 
From equations (28) we get 

1 

(2  1+1)' for m = 0 and Aeven, 
(63) vAm = a *  k M *  for m >  0, 

for m < band m = 0 and J! uneven 

We will now compute the covariances covk(vR,, S!) where S, is either v,!, 
!Q, ?')Q , A&, o r  CQ . These covariances a r e  not exylicitly used in the program, 
so  we will not distinguish between the different covariance models, but denote 
the degree-variances by uQ(T, T), uA(T,Ag) and uA(Ag, Ag). 

From eq. (62) and (33) we get 

Using the well lcnown summation formulae, (PG(~-81')) 

and the orthogonality propcrty of the surface harmonics, we get 



1 v, (0: A') , dw 

Again using (62) and the orthogonality property we see, that 

Ra a+1 
% ( T , T ) ( ~ )  f o r l = A  a n d j = m  

- - 

otherwise. 

Thus, the covariance of two different anomalous potential coefficients is zero 
and their variance is equal to the degree-variance multiplied by a constant 
depending on R, a and the degree A. 

The other covariance functions can be derived using (66) and (20)-(23): 

and 



2.3 Stcpwise collocation. 

The solution of the normal equations (8) and (9) may be a difficult numeri- 
cal task even when using a large computer, when the number of unknowils is  
greater than a few thousands. 

Moritz (1973) uses the term sequential collocation when the observations 
a r e  divided in two o r  more groups and when the corresponding normal equations 
then a r e  solved by inverting only the submatrices containing tlae covariances 
between the observations within one group. 

Let us  f irst  consider an example, where the observations have been 
divided in two groups containing m, and m, observations respectively: 

where X, is a m, vector and X, a m, vector of observations. The covariance 
matr ix  is then divided in four subma1;rices accordingly: 

and the vector of the covariances between the quantity S to be predicted and the 
observations becomes 

Hence, according to Moritz (1973, eq. (1-22)) we have 

Let u s  regard the case where we want to estimate T(P).  Denoting 



(80) bg = c l l ~ ~ ~ d l x ,  and 

we see  that 

N 

Hence, we a r e  by using stepwise collocation, getting an estimate T which is 
equal to the sum of two other estimates. 

The f i r s t  estimate ?,(P) is computed by (76) and (77) from the observations 
X, using the original covariance functions. The residual observations d, % (78) is 
then computed. Then the second estimate ?,(P) can be obtained from (80) and (81) 
using the covariances of the residual observations, dlCZ2 and dlCp, (79). (Supposing 
the "noise" matrix D to be zero we easily see 

which is nothing but the i, jth element of the matrix dlC2,. ) 

The formulae (76)-(81) .can be generalized a s  to describe a partition of the 
observations into more than two groups. Such equations can for example, .be 
found in (1973, eq. (5-1)-(5-14)). We will here use a slightly different 
type of general equation. 

For a partition in k groups, 

and with 



we have the estimates (P) and based on the residual observations dI- ,xi 
(Le.  on all sets of observations with subscript less than i): 

and the final es  tinmtes 



(As usual, the l inear  equations corrcsponding to (80a) are denoted the normal- 
equations and b, the solution to the norinal equations. j 

One of the main advantages achieved by using stepwise collocation is 
according to Moritz (1973, page 11, that the normal equation mat r ices  to be in- 
verted a r e  smal le r  than the original c matrix. Thus, a s  may be realized from 
equations (79) and (go), the total s torage requireinents a r e  not diminished. So, 
when using a computer, which has peripheral storage units with fast  access ,  
stepwisc solution of the nornlal equations is of no r ea l  advantage. 

Thus, a cons iderable simpiification of the computations may be achieved 
when the residual covariances ~ J C  l and d jCpi  (79a) can be computed analytically. 
In this case,  only the bl  vectors (80a) a r e  needed for  the representation of and 
for the computation of p

r

edictions. The residual covariance inay naturally be 
computed analytically, when the datasets  a r e  ~ n c o r ~ e l a t e d ,  i. e. when d iC = CIi  . 
But the possibility for analytical covariance also exists ,  when the f i r s t  dataset 
x1 consis ts  of potential coefficients. 

The mat r ix  Cl, is in this case  a diagonal mat r ix  with diagonal elements 
equal to the s u m  of the q ~ ~ a n t i t i e s  given in (67) and the e r r o r  variances of the 
observed coefficient, o&. We will suppose, that a l l  the variances a r e  the s a m e  
for  the same  degree, R ,  and denote this variance by o:(R). 

The elements of the vector b, a r e  equal to the observed coefficient divided 
by the corresponding diagonal element. Let us then suppose, that potential 
coefficients up to degree I have been observed. The est imate 5 is then (cf. eq. (66), 
(67) and (77)): 



Using equations (6G), (67)-(79) and (85b) we easily see,  that the residual obser- 
vations (78), d,x, a r e  nothing but the original ,-., observations, but now referring to a 
higher order reference field, U1 = U + T1. 

For the i, j'th element of dlCzz we get from ( G G )  and (79), supposing e.g. 
that S,, = T(p),  S,, = T(Q) and that G ~ ,  xz, a r e  the corresponding observed values 
(and P different from Q): 

with 

This quantity is zero for o ? ( ~ )  equal to zero. The covariance function (84) is 
in this case a local I'th order covariance function, cf. Tscherning and Rapp 
(1974, Section 9). 

It is supposed in the program, that the e r r o r  variances a: can be either a, 
disregarded or that they only depend on the degree. The program will, in the 
latter case, require that the quantity 



&- -- q2 
(86) dluA (Q, Ag) = dlo (T, l') B a X" 

is specified. The quantity will be treated as  if it was an empirical degree-variance. 

We have here seen, how we in one case explicitly can derive expressions 
for the covariance, c o v j d , ~ ,  , c ' r , ~ , ~  ). Anolher method would he simply to estimate 
a covariance f m c  tion for the rcs idual. observations d1 x, . However, the program can 
only use three types of covariance fmct ions, and they a r e  all isotropic. 

We a re  then restricted either to divide the observations x in groups of 
quantities, which a r e  nearly uncorrela.ted or to find a kind of observations, which 
we can treat like the potential coefficients. 

The potential coefficients a re  (in a general sense) weighted mean values of 
the anolnalous potential. Mean gravity anomalies a r e  also mean values, weighted 
with a function, which is equal to one in the considered a rea  and zero outside. 

A mean gravity znolnaly fieid will represent an amount of information which 
is e l a l  to the znlount of information contained in a se t  of potential coefficients 01 
degree less than o r  equal to an integer I. The magnitude of I will depend on the 
size of the area  over which the mean anomaly is computed. 1 will be large mhen 
the a rea  is small and small when the a rea  is large. ( I will be zero when the 
a rea  is  the whole Earth and infinite when we are dealing with points). An estimate 
of the degree may be hund in the following way: The total number of equal a rea  
mean anomalies of a particula

r 

size is theoretica!ly equal to the total area  of the 
Earth divided by the a rea  of the basic mean anomaly. Let us call this number N. 
For the,perfect recovery of N quantities we need a se t  of coefficients of degree 
up to N5. This method of estimation will give us  N Z  202 for l0 equal area  anom- 
alies. The degree may also be estimated in a more empirical way. This can be 
done by first estimating the empirical covariance function of a se t  of residual ob- 
servations (gravity anomzlies) cl,%. The first zero point of the empirical. co- 
variance ft~nction (regarded a s  a function of the spherical distance $)  will then 
give a reasonable estimate of the degree (cf. Tscherniag and Rapp, (1974, Section 

9))s 

As an example, the program described in this report was used to compute 
residual point gravity ano~nalics in a 2" 30 x 3" 40' square in the state of Ohio, 
U. S.A. The data set  x did consist of three groups. The se t  X, was a se t  of po- 
tential coefficients of degree upto and inclusive of 20, given by Rapp (1973, Table 
G ) .  X, consisted of 157 1" x 1' mean gravity znomalies surrounding the area  and 
r;, was a se t  of 420 pojllt gravity anomalies, spaced zs uniform a s  possible with 



a distance of 7%' in latitude and 10' in longitude between the points. The data- 
sets  X, and X, was regarded as errorless.  

The covariance function recommended by Tscherning and Rapp (1974) 
was used (i.e. given by eq. (32) with B = 24 and A, = 425 mga12). The covariances 
d1CeiaJ can then be computed using a corresponding local 201th order covariance 
function (i. e. with degree-variances of order up to and inclusive of 20 equal to 
zero), cf. (84). 

The function ??, is then computed without actually solving any normal 
equations. We have (cf. (83a) and with of( R )  = 0): 

We will now, a s  mentioned above represent the mean gravity anomaly a s  a point 
anomaly in a certain height 11' above the center  of the area. Let us denote this 
point by Q and its distance from the origin r'. (We have in this case used 
h f = r f  - R, = 10.5 ltm, cf. Tscherning and Rapp (1974, Section 10)). 

The residual anomaly is then, cf. eq. (78a) and (71): 



Figure 1: Empi?-ically determined covariance 
values of res ikml  point gravity anomalies com- 
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ed with the local 205'th order covariance 
function,page 25,for varying spl-lerical distance $. 

+ empirically determined values 
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i. e. , the mean anomaly computed with respect to the higher order reference 
field UT= US Tl. (The program does not use this equation for the computation of 
the res  idual anomaly. The contribution from is evaluated us ing the actual 
length of the gradient of U1 , see the description of the subroutine IGPOT, Section 
5.4). 

N 

The residual obsclvations dlx2 was then used to determine T, , this 
time by actually solving a se t  of normal equations, obtaining the solution vector 
b2* 

The residual point gravity anomalies were then computed by 

d,x,=x,- d,~:, b, - * bl 

T 
cf. (78a). The term CL? bl is again here the change due to the higher order 
reference field U1 . 

The empirical covariance h n c  tion was computed using d, x3 by taking the 
sample mean of the products of the residuals sampled according to the spherical 
distance between the points of observation. The size of the sample interval m7as 
1 72'. The covariance function 

with R/R, = 0.9998 was found to have the same zero point as  the empirical covariance 
function, see Figure 1. 

We then see, that the two mentioned methods give nearly the same es-timate 
of the integer L This agreeinent should merely be taken a s  an illustration and not as  
a proof. It shows one of the inany kinds of coinputaticns the FORTRAN program can 
perform. 

The choice of a proper covarinnce function is a delicate task, but we point 
out that the presented program may use three different degree-varianc e models 
and hence be usefd  in test computations using different covariance functions. 

2 5 



-. 
The program may compute T i n  up to three steps. The different possibil- 

ities a r e  illustrated in Table 1. Note, that potential coefficjents always form a 
separate data se t ,  which will be the data se t  X,. 

Table 1 

rU 

Different: options for the Computation of T. 

Number 
of s teps 

Dataset May Contain: 

1 xa I X3 



3, Data Requirements. 

In this section the data requirements will be discussed. The precise 

specifications a r e  given in Section 6. 

Three  types of information a r e  needed f o r  the determination of T: obser-  
vations, information about the reference system of the observations and a co- 
variance function. 

The observed quantities we want to use  a r e  (a) potential coefficients, 
(b) point o r  mean f ree  a i r  gravity anomalies o r  measured gravity values, 
(c) height anomalies and (d) deflections of the vertical.  

The potential coefficients available will generally all be of a degree l e s s  
than 25. There has  then only been reserved space in co re  s to re  for  up to 625 
coeflicients. 

The program accepts potential coefficients, which a r e  fully normalized 
and multiplied by 106. The coefficients can naturally only be used, when a value 
of kM and ihe s e m i  major  zxis  a art! specified. 

An observation (different f rom a potential coefficient) will be given by 
(1) the geodetic latitude and longitude, (2) a potential difference, (a geopotential 
number, for example), conve

r

ted into a metr ic  quantity e.  g. by dividing the dif- 
ference with the reference gravity and ( 3 )  the measured quantity. The height 
above the reference ellipsoid is regarded as unknown except, naturally, when 
i t  itself i s  the observed quantity. 

A11 measured gravity values will have to be given in the same  gravity 
reference sys tem o r  a correction must  be known. Measured gravity values a r e  
converted to free- air  anomalies. The orthometric height must  hence be known. 
The geodetic latitude (which i s  used to evaluate the normal gravity) would princi- 
pally have to be given in a geodetic reference system consistent with the gravity 
reference sys tem (i .e.  with the same  flattening and s e m i  major  axis  as used for  
the computation of the coeffic icnts in the e'xpression for  the normal gravity). But 
the variation of the normal  gravity with respect  to the latitude i s  so  smal l ,  that 
this requirement can be neglected here.  The point o r  mcan gravity anomalies will 
all have to be free- air  anomalies. They must  al l  r e fe r  to the same  normal gravity 
field. LE they a r e  not a l l  given with respect  to the same  gravity base reference 
system, the correction to be applied for  the conversion must be known. 



A mean gravity anoinaly will be represented a s  a point gravity anomaly a t  
a point of a certain height, h, above the ccnter of the area  over which the mean 
value is computed. This height is specified by the ratio, R P  between the sum of 
this height and the mean Earth radius R, and the mean Earth radius, i.e. 

A height anomaly will have to be given in the same reference system a s  the 
geodetic lat ik~de and longitude. This will generally require, that a height anomaly 
obtained through an absolute position determination and given in a geocentric ref- 
erence system must be transferred back to a local geodetic refe

r

ence system, 
before it can be used in the program. 

We a re ,  with observed deflections of the vertical, faced with a complicated 
problem. The deflections a re  equal to the difference between the astronomical 
coordinates of a point on the geoid and the geodetic coordinates of a point on the 
reference ellipsoid (multiplied with cosine to the latitude for the longitude difference). 

We have herehy implicitly int~oduced assun~ptions about the mass densities 
in between the geoid and the astronomical station. To avoid this, the deflections 
should have been given at  the proper height ( i .e .  the height of the observation 
stations). 

Thus, heights of astronomical stations a r e  seldoin found recorded together 
with the deflections. But if the heights a r e  actually recorded, the program will 
treat the deflections as  quantities, which have not been reduced to the geoid. 

The astronomical coordinates may carry  systematical e r ro r s  due to sys- 
tematic differences between s ta r  catalogues o r  due to the neglect of corrections 
for polar motion. The observations may be corrected for ltnown systematical 
e r ro r s ,  if they can be specified in the same way a s  a datum shift, i. e. by specify- 
ing the corrections in the latitude and the longitude com~onents  a t  a certain point. 
Systematic e r ro r s  in the height anornalies may be corrected in the same manner. 

In Section 2 .2  we mentioned, that the equations which related the obser- 
vations and the anomalous potential was given in spherical approximation. This 
means, e.g. that all points onthe surface of the Earth a r e  regarded as  lying on 
the mean Earth sphere. This fact has been used in the program to speed up the 
computations. This is done by using the fact that the quantities 



will be the same for  a group of input data. 

Data which actually a r e  observed above the surface of the Earth must be 
grouped s o  that they all refer  to a sphere with radius equal to a mean height of 
the points plus the mean Earth radius, R,. As for mean gravity anomalies, the 
height is specified in the program through the value of the quantity R P ,  (ey. (87)). 

The standard deviations of observations, different from potential coef- 
ficients,will have to be given in meters for the height anomaly, in mgal for gravity 
observations and in a r c  sec  for deflection components. The standard deviations 
may be specified (1) individually for the single observations, (2) for a group of 
observations o r  (3 )  a s  being zero for all  observations. 

3 .2  The Reference Systems. 

We have to know the parameters specifying the geodetic coordinate system. 
The program requires the semi  major axis, a ,  and the flattening, f ,  to be specified. 

The gravity formulae may then either be given (1) through the values of kX4, 
U, a,  and f, (2)  by specifying that the international gravity formulae and the Pots- 
clgm referencc system has bccn used o r  (3 )  that the Szcdetic Refererce Systerr, 
1967 has been used. One of the three excludes the others. 

The covariance functions which can be used, will all have the degree- 
variances of degree .zero and one equal to zero. This implies, that we, in the 
computations, have to use the best possible kM value and a geodetic coordinate 
system which has origin coinciding with the gravity center of the Earth, Z-axis 
parallel to the mean axis of rotation and Z-X-plane equal to the mean Greenwich 
meridian plane. 

We will also require the global mean value of the gravity anomalies, the 
height anomalies and the deflections to be zero. This requirement implies, that 
we have to use the best possible semi-major axis. The geodetic latitude and 
longitude may then be transformed into such a reference system by specifying the 
new kM, a,  f values, the translation vector, the scale change and the three rota- 
tion angles for the rotations around the X, Y and Z axes respectively. 

- 
The approximation T will be given in the same reference system a s  the one 

specified through the transformat ion parameters,  i. e .  in a geocentric reference 
sys tem. Predictions will be given in both the original and the new reference 
sys tem . 



3 . 3  The Covariance Function. 

We explained in Section 2.2 how an isotropic covariance function can be 
specified through (1) a set  of empirica.1 anonia7.y degree-variances of degree less  
than o r  equal to an integer I, bl(ag, Ag) and (2) an anomaly degree-variance model 
for the degree-variances o , , ~  (Ag, Ag) for R greater than I. 

The values of the empirical degree-variances will depend on the radius of 
the Bjerhanlmar sphere, R. We have, therefore chosen to specify these quantities 
on the surface of the mean Earth9 i. e. the quantities 

must be given together with the ratio R/R,. The quantities (88) must be given in 
units of mga12. 

The anomaly degree-variance model is for k =  1 and 2 specified through 
the constants A, and A, (eq. (30) and (31)) and for k =  3 through the constant A3 
and the integer B (eq. (32)). 

Thus, in the program the models a r e  specified not through the constants 
A,, k =  1 , 2  o r  3, but through the variance of the point gravity anomalies on the 
surface of the Earth. 

This qualltity is then used for the determination of A,. We have from 
(29): 

Let us now, for example regard model 2, i. e. a2,p, (Ag, Ag) = A,@- 1) . Then 
(1- 2) 



I 2 $+2 
h 

(90) A,= (cov(Ag~ , Agp ) - 7 4 (Ag, Ag) 
!A 

A = O  

The infinite sum may be computed by the formula given in Tscherning and Rapp 
(1974, Section 8), and A, (and in the same way A, or  A,) can then be found. 

We will finally mention, that the ratio R/R, is used by the program for the 
computation of the radius of the Bjerhammar sphere. 



4. Main Lines of Function of the Program. 

In Section 2 we mentioned that the program could be used to estimate ? 
N 

from maxiinally three sets  of observations X, , x, and X,. T would then be equal 
N N 

to the sum of up to three harmonic functions, T, , T, and ?, . The limit of three 
was only attained, when potential coefficients formed the f irst  se t  of observations, 

X1 * 

We will here clescribe the function of the program, when we a r e  in this 
situation, i.e. when we have three datasets X,, x, and x3, and X, is a se t  of 
potential coeffic ients . 

The flow of the program is illustrated in Figure 2. Several logical vari- 
ables determine the flow. The logical variable LPRED will e. g. be "false" until 
the estimation o f ?  is finished and will have the value fltrue", when predictions 
a r e  computed. 

The program will s t a r t  by initializingdiffermt variables. It will require 
illformation about the reference systems of the observations and use this infor- 
mation to select e .  g. the proper formulae for the normal g~av i ty .  

When the reference sys tem is not geocentric o r  when the normal gravity 
does not correspond to a proper kM value, the necessary transformation elements 
and the kM value must be given. 

The next step is then to read in the observations X,, the potential coef- 
ficients. The normal equations (12) will not have to be solved in this situation, 
cf. Section 2.3. ?, is represented by (83). 

The following two steps, where we explicitly use the equations for collocation, 
will be denoted Collocation I and Collocation 11. We will f irst  have to specify the 
covariance function and observations used in Collocation I: 

The covariance h n c  tion for the residual anomalies d, X, must be specified 
through the selection of an anomaly degree -var ianc e model and contingently by 
specifying a se t  of low order empirical. deg

r

ee-variances. 

The observations X, (and later  X,) may be subdivided in different files 
according to format, kind of observed quantity etc. Each single observation i s  
f i rs t  transformed to a geocentric reference system (if necessary). Then the 
residual observation is computed, by subtracting the contribution from Tl from 
the observed value. After the input of a file, the value of a local variable LSTOP 
will be input, which will signify if more files belonging to X, will  have to be input. 



Figure 2 

Flow-Chart of Program. 

The main flow is determined by the values of the following logical variables: 

LTRAN - coordinates and observations must be transformed to a geocentric 
reference system and gravity observations must refer to a gravity 
formulae consistent with the refe
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ence sys tem. 

LPOT = potential coefficients from first  se t  of I1observed" quantities. 

LCREF= second set of observations (or  third when LPOT is true) will be 
used, and the harmonic function computed by Collocation I will be 
used a s  an improved reference field. LCREF is initialized to be 
false and will get its final value after Collocation I is finished. 

LPRED = predictions a r e  being computed. 

LGRID = the predictions a r e  computed in the points of a uniform grid. 

LERNO = the e r r o r  of prediction inus t be computed. 

LCOMP= compare observed and predicted values (an observed value is input 
together with the coordinates of the point of prediction). 
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After the las t  file has been input, the vector d, ,u, is stored on a disk. 
The coefficients of the nornml equations a r e  then computed and stored on the 
disk a s  well. 

A subprogram NES, which only uses a limited amount of core store,  will 
then compute the solution vector b, and in this way 'i;, is determined. 

N 
The solution vector may be  output on punched cards ,  s o  that the function 

T, can he retrieved without computing the coefficients of (and solving) the normal 
equations. 

Collocation I is  now finished. It is then possible either to s t a r t  the compu- 
tation of predictions o r  to s t a r t  Collocation 11. -4 logical variable LCREF is  used 
to distinguish between the two situations. Thus, LCREF will have to be true in 
this case ,  because we have decided to describe the situation, where three data- 
s e t s  a r e  used. 

The covariance function of the residual observations d,% is  then f i rs t  
specified. It is done in the same way a s  for the covariance function used in 
Collocation I, though the kind of anomaly degree-variance model used will have 
to be the same. 

The different files of the dataset X, can then be input. Each observations 
is f i r s t  transformed to a geocentric reference system. Then the contribution f rom 
F, and F, i s  computed, so that finally &X, can be stored. The coefficients of the 
new normal-equations can then be computed and the equations solved. Again, here 
the solution b, may be output on punched cards.  (In case  b, o r  b, had been com- 
puted in previous runs of the program, their respective values would have been 
input and the coefficients of the normal equations a r e  then not computed.) 

When the equations have been solved, the reduced normal equation matrix i s  
retained on a disk, s o  that e r r o r s  of estimation can be computed, using equation (13). 

The estimate of the anomalous potential is then, cf. eq. (82a) 

rU N 

T(P)  = Tl (P) + ?'a (P) + ?,(P), 

with T, (P) given by eq. (83), 



cf. eq. (81a). 

The prediction of a height anomaly, a gravity anomaly o r  a deflection 
component can now be computed using eq. (82a). The computation is  based upon 
exactly the same type of information as w a s  used for the computation of F, and 
and T, , i. e.  geodetic latitude and longitude, and a height. The program itself 
may generate l is ts  of coordinates. Such a l.ist is generated, when the logical 
LGRID is true. The l i s t  will consist of coordinates of points lying in a grid. The 
grid i s  specified by its south-west corner,  and the number and magnitude of the 
grid increments in northern and eastern direction. The heights of the points a r e  
specified by the ratio R P  (equation (87)). 

The prediction of a quantity, e.g. a gravity anomaly will then be computed 
by f i r s t  determining the difference between the anomaly given in a geocentric 
reference system and the reference system of the observations, Ago. The contri- 
bution && is then evaluated from ?, and the contributions from ?, and F, using 
(81a), i. e. 

The predicted value i s  then, (cf. eq. (82a)): 

Predictions of other quantities a r e  computed in the same way. A special facility 
for the comparison of observed and predicted quantities can be used, when the 
logical LCOMP is true. The differences between observed and predicted quantities 
a r e  in this case,  computed together with their mean value and variance. A sampling 
of the differences is done in intervals of a specified magnitude. 

The processing time ( o r  more  correctly, the central unit processing time) 
will va ly  depending on (1) the covariance function used, (2) the number of obsema- 
tions and (3) the number of cluantities to be predicted and estimates of e r r o r s  to be 
computed. The program has been used for  a variety of test computations, though 
never with more than 500 observations. The used processing times for anumber  



of situations a r e  presented in Table 2. The computations were all made on the 
IBM system/370 inodcl 165 computer of the Instruction and Research Computer 
Centcr, Ohio State University. The so called Fortran H-extended compiler 
( B M  (1972)) was used for the compilation of the program. The normal equations 
were stored on an LBM model 3330 disk. 

Table 2 

Examples of Processing Times for Different Input Data and Covariance Functions. 
Potential Coefficients of Degree up to 20 Used. 

Collocation I 

Model 

Collocation II** 

Irde r of local 
zovar. fct. I 

110 
110 
1 GO 
160 
110 
110 

Predictions 

Number of 

Total pro- 
cessing time 

m sec 

0 43 
0 43 
2 31 
3 22 
2 57 
4 09 
2 54 
4 09 

**Normal equations not computed and solved in Collocation I. 



5. The Storing of the Cocffic ients of the Normal Eq~mtions and the Function 
of the Subprograms . 
We will in this section discuss in more detail the function of an important 

part of the main-program and the different subprograms which have been used. 
However, the most detailed clcscription is hund in the appendix, where the FOR- 
TRAN program, which includes a large number of comment statements, is repro- 
duc ed . 
5.1 The storing of the normal equations. 

The IBM system 370 model 165 computer of the Instruction and Research 
Computer Center of the Ohio State University makes available a 630K !byte) core 
storage for a usual program. Let us suppose, that w e  have used 180 I< for the 
storing of the program and variables different from the coefficients of the normal- 
equations. We a r e  then left with 450K bytes, which can be used to store these quan- 
tities. When the coefficients a r e  represented a s  double p

r

ecision variables (8 bytes), 
it is then possible to store 450* 1024/8=57600 coefficients in the core. 

A system of equations with N unknowns, and a full symmetric coefficient 
matrix plus a constant vector of length N + l  will totally occupy (N+2)* ( ~ + 3 ) / 2  
8 byte positions. This implies, that we maximally can s d v e  a system of eqmtioxls 
with 336 unknowns, if we want to store all the coefficients in the core. 

The solution to the problem is naturally to divide the upper (or  lower) tri- 
angular part of the matrix in blocks, which then a r e  stored on a disk and later  
read into core storage when needed. The subdivision in blocks can be made in 
several ways. h case we wanted to compute the inverse matrix, the optimal 
subdivision seeins to be a subdivision in squares submatrices, a s  used by Karki 
(1973). It is unnecessary to compute the inverse matrix for our purpose. The 
solution vector b (16) and the estimate of the e r ror  of prediction (13) may both be 
computed without using the inverse matrix. It is enough to compute the so .called 
reduced matrix L', 

where L is a lower triangular matrix, cf. Poder and Tscherning (1973). 
T computation of L is most easily programmed, when the upper triangular 

The 
part of - 

C is subdivided in blocks, which contain a number of consecutive columns, stored 
in a one-dimensioned array with the diagonal element having the highest subscript 
cf. Figure 3. 



Block Number 

Number of last  row stored 
in block 

Figure 3. Blocking of 400 X 400 matrix 

It is necessary, that two blocks can be stored sin~ultaneously in the core  storage, 
i.e. the maximum block size is then 225K or  (450/2) * 1024/8 = 28800 double pre-  
cision coefficients. This number is then also the upper limit for  the dimension 
of the normal equation matrix, N. (Another limit is set  by the magnitude of the 
disk unit used. For the I13M model 3330 disk used here, N will have to be less  
than c i rca  5000). 

We have in this program edition preferred to limit the total storage re-  
quirements to 252K (which for the present operative system gives a reasonable 
turn-around time). Thus, 90K can be used for the storing of the required two 
blocks and for the buffer area necessary for the transfer between core store 
and disk. 



On a disk it is practical to block data in groups which occupy an integer 
number of tracks. We have then chosen to work with data partitioned into blocks 
of size 4800 *8 bytes, covering three tracks and to use a buffer area  of 1200* 8 
bytes. The total area occupied in core storage is hence 2*(38400) + 9600 bytes 
o r  nearly 86K. (The disk discussed is, a s  mentioned above, an BM model 3330 
disk). Figure 4 shows the number of tracks used a s  a function of the number of 
observations, N. 

Tracks 

Figure 4. Number of tracks used on an IT3M model 3330 disk unit for a varying 
number of uulmowm, N (12800 bytes used on each track). 

40 



When a coefficient of the normal equation matrix C (eq. 12) i s  computed 
(subroutine PRED) it will f i rs t  be stored in an a r ray  C of dimension 4700 (the 
last 100*8 bytes are  used to hold two catalogues). Where the a r ray  C is filled 
up with a s  many columns a s  possible, the content will be transferred to the disk 
and stored in a direct access dataset (see IBM (1973, page 67)). The constant 
vector of observations, X is stored together with the coefficients, a s  if it was an 
extra column. The ficticious diagonal element of this column will contain the 
normalized square sum of the observations. 

As mentioned above, the last  100*8 bytes of a block a r e  used to hold two 
catalogues. The f i rs t  catalogue contains the subscripts of the diagonal elements 
of the columns stored in the block. The second contains the subscript of the 
last  zero element encountered in a column, starting the inspection of a column 
from the top. This catalogue may especially be used when C is a sparse matrix 
(e. g. when potential coefficients a r e  not necessarily stored). In this program C 
will always be a full matrix, so the catalogue entries a r e  just equal to zero. 
(Their value may be changed by the subroutine NES, in case singularities a r e  
encountered). 

5.2 Solution of the Normal Equations and Computation of the Estimate of the 
E r ro r  of Prediction, Subroutine NES. 

The equations are ,  a s  mentioned in Section 5.1, solved by f i rs t  computing 
the upper triangular matrix L? (cf. (91)). This method is the well known Cholesliyls 
factorization method. 

b 

We obtain, from (15) and(91) by a left multiplication with L - ~  

T 
The algorithm for the computation of the elements of L , 1 1  is 

and nearly exactly the same for the computation of the elements b: of (92): 



i.e. the algorithm (93) will compute (92), when x is regarded and stored a s  an 
extra column of the matrix E. When b' has been computed, b can easily be 
obtained from (92) by a so  callcd back-substitution procedure. We note, that 
we have (cf. eq. (6) and (13)): 

Then, using the algo

r

ithm (93) for  j = m + l  with C , ~  subst.ituted for c i J ,  we will 
obtain the quantity L-'C, for i =  l, . . . ,m.  By defining an  element c , + ~ , , + ~ =  CSs 
and using (9 3) for  i =  m + l  we will have computed the quantity G", (13). 

The sub

r

outine NES uses these algorithms for the computation of the vector 
b and the quantity 1%:. The elements of c a r e  stored in the positions on the disk, 
where ear l ie r  the coefficients of the upper triangular part  of C w e r e  stored. 

The matrix @ is theoretically, always positive definite. Thus, mis takcs may 
be made, which make E non positive definite. The Choleskys algorithm (93) will 
not work in this case,  because the diagonal element of L', J l l ,  is computed by taking 
the square- root of equation (93), where both sides have been multiplied with J i i .  
The occiireuce of a negative quantity 

will not stop the execution of the program. NES will regxrd the column and corres-  
ponding row a s  deleted, and b l  will be put equal to zero. 

Choleslyts  method i s  very favorable numerically. But the proper use  of 
the method requires that the sum of the products II,, R,, in (93) a r e  accun~ulated in 
a variable, which in this case  would be in quadruple precision. The final product 
sum would then have to be rounded properly to double precision. Unfortunately 
rounding is not done by simply requiring the quadruple precision variable to be 
stored in a double precision variable, but supplementary statements have to be  
used. Thus, the solution vector by is  heye obtained by computations performed 
in double precision only, which in this case  anyway, gives a satisfactory number of 
significant digits. 

'N \3 
The solution vector b, is obtained in 0.71 Lz0; seconds, where N is the 

dimension of the normal equation matrix. 



5.3 Transformation Between Reference Systems, Subroutine ITRAN. 

We pointed out in Section 3, that it was necessary to transform the co- 
ordinates and measurements into a geocentric reference system. This transfor- 
mation is  performed for the coordinates, the deflections and the height anonlaly 
by the subroutine ITRAN. 

The subroutine uses  the euclidian coordinates X, Y, and Z for a point 
with geodetic latitude and longitude X and with the ellipsoidal height equal to zero. 

These coordinates a r e  then transformed into geocentric coordinates, 

XI Yl ,  Z, by 

where (AX, AY, AZ) a r e  the coordinates of the center  of the old reference ellipsoid 
given in the new coordinate system, AL the scale change and (c, ,  c,, c,) the three 
infinitesimal rotations around the X, Y, Z axes respectively . 

The new geodetic latitude 9 and longitude X, of this point is computed 
using the ite

r

ative procedure given in PG (p. 183). This computation will also 
furnish us with the change in the height anomaly, which is  identical to the height 
of the point (Xl, Y,, Z1) above the ncw reference ellipsoid. 

The change in the deflection components a r e  then determined using the 
differences col - cp and X, - X. 

A contingent correction for systematical e r r o r s  in the deflections o r  the 
height anomaly (cf. Section 3 . 2 ) ,  specified by the changes 65,, 6 ~ , ,  65, in a 
point with coordinates cp,, X o ,  is  conlputed by the subroutine using the equations 
given in PG (eq. (5-59)). 

5.4 Computation of the Normal Gravity, the Normal Potential and the Contri- 
butions from the Potential Coefficients. Subroutines GRAVC and IGPOT. 

The normal gravity may be given in two ways. Either by a gravity formula 
o r  by specifying a norinn1 gravity field, from which the gravity formulae then can 
be derived, (cf. P G ,  Chapter 2). The only gravity formulae which can be used is 
the international gravity formulae, PG (cq. (2-126) and (2-131)). The normal 
gravity fields which can bc used, a r e  those for which the reference ellipsoid i s  an 
equipo tential surface, i. e. it i s  specified by the values of kM, a, f and U. 



We may need to kuow the reference gravity in two situations. Firstly 
when free-air anomalies a r e  computed using measured gravity values and secondly, 
when we want to compute the change in the gravity anomalies due to the use of a 
new reference sys tern. 

The subroutine GRAVC will compute and store the constants (PG, Section 
2.10) necessary for the computation of the normal gravity in one o r  two reference 
systems. The constants used to compute the value of the normal potential (J,,, 
n s  5 in eq. (26)) and the change in the latitude component of the deflection of the 
vertical 5 due to the curvature of the normal plumbline (PG(5-34)) a r e  computed as 
well. When the height exceeds 25 km, the derivatives of the ser ies  (26) with 
respect to the latitude and the distance froln the origin, will be used for the compu- 
tation of the normal gravity and the change in 5 .  Thus, this method of computation 
can, unfortunately, not be applied when the international gravity formula is used. 

The values of the normal gravity, the normal potential and the change in S 
are computed by calling separate entries to the subroutine. The subroutine IGPOT 
computes the value of the potential W(P)  and the three components of thz gradient 
of the potential, the value of kM, a and w , cf. eq. (25). 

Let us, as usual, define V by 

The coefficient modification method is used for the computation of the values 
of V and the gradient of V. This method uses the fact, that the derivative of a har- 
monic function with respect to euclidian coordinates again is a harmonic function. 
The potential coefficients of the (three) new harmonic functions D,TJ, DyTJg and DZV 
a r e  computed by means of a recursion algorithm given in James (1969, eq. (3) and 
(4)). The recursion algorithm is identical to the algorithm used for the evaluation 
of the values of the solid spherical harmonics. This fact simplifies the computations 
very much. It furthermore makes it unnecessary to store the three se ts  of modified 
potential coefficients. They a r e  conqmted for each call of the subroutine from the 
original potential coefficients. The algo

r

ithm may easily be modifjed to compute 
higher order derivatives (without extra storage requirements). Thus, the algorithm 
may also be used in case the program is extended to use second order derivatives 
as observed quantities. 

The value of the potential and the gradient is used to compute the residual 
observation d,%i : 

The value of the potential is used together with the value of the normal 



potential (as computed by GRAVC) to compute a residual height anomaly. The 
gradient is  used to compute the residual gravity anomalies and deflection compo- 
nents : 

A where y, is the normal gravity, q j  is the geodetic latitude plus a correction for 
the curvature of the plumbline and X ,  the longitude. 

The components of the gradient used in (97a) a r e  evaluated in a point with 
height equal to the orthometric height plus the distance h. between the reference 
ellipsoid and an equipotential surface of U1 = U + T1 with potential equal to the 
potential of the normal potential, U on the ellipsoid. The separation h, is computed 
by evaluating Tl / y  oil the eliipsoicl. The other gradieiits a r e  evaluated iil the height 
equal to the orthome tric height. 

5.5 Computation of, Euclidian Coordinates, Conversion of Angles to Radians, 
Subroutines EUCLID, RAD. 

The subroutine EUCLID computes the euclidian (rectangular) coordinates for 
a point with geodetic coordinates p, X , h (ellipsoidal height) given in a reference 
system with semi-major axis a and second eccentricity e by the equations PG (5-3) 
and (5-5). 

RAD converts angles given in either (1) degrees, minutes, a r c  seconds, 
(2) degrees and minutes, (3)  degrees o r  (4) (400) grades into units of radians. 
Other options may easily be added. 

5 . 6  Subroutines for Output h'lanagement and Prediction Statistics, HEAD, OUT 
and COMPA. 

The output requirements a r e  discussed in Section 7. The main require- 
ment is,  that a determination of ?must be a s  well documented as  possible. ?! 
may be computed in several ways, cf. Table 1. This implies, that the output may 
vary in just as  many ways. 



An a r r a y  013s is used fo r  the s torage of the observed quantities, the resid-  
ual observations, the contributions f rom the different s e t s  of observations and the 
predicted quantities. The s torage sequence of these quantities is determined by 
BEAD, which a,lso will print proper headings. The coordinates of an observed o r  
predicted quantity and the quantities s tored in OBS a r e  printed on the line pr in ter  
by OUT, which also will punch a pa r t  of this information when requested (see  Sec- 
tion 7). 

COMPA uses the content of OBS for  the computation of prediction s tat is t ics .  
The difference between observed and predicted quantities a r e  sampled in c lasses  
defined by a specjfied c l a s s  width. The number of differences in each c lass  is 
printed by COVA af te r  the final predictions have been computed. The sampling i s  
done separately for  Ag, 5 and v. No sampling i s  done for  5. 

5.7 Subroutines for  the Computation of Covariances, PRED and SUMK. 

PRED computes : 

(a) the vector dim ,Cs o r  dl-,  C l , (cf. eq. (78a) and (82a)). 
(h) a colunm of the upper triangular pa r t  of the normal  equation mat r ix  

(eq. (80a)) diCii o r  
(C j Ihe p i . 0 6 ~ ~  t S x i ~  d i  S = d , ~ :  b i  , (cf. cq. (8 Ia ) ) .  

The subroutine may theoretically work even when the observations (different 
f rom potential coefficients) a r e  divided in more than two groups, as long as the 
total number of observations do not exceed 1600 minus the number of groups minus 
one. 

When the observed quantity i s  a pa i r  of deflections of the vert ical  it is very 
easy to compute the two corresponding colunms of the upper triangular pa r t  of C 
a t  the same  time. This is due to the s imilar i ty  of the equations for  the covariaaces 
(44)-(50) for 5 and v. This fact is used in the subroutine. 

We mentioned in Section 3 .1 ,  that ic would facilitate the computations if the 
observations were grouped according to cominon character is t ics ,  i. e .  , e. g. gravity 
amoinalies on the surface of the Ear th  in the f i r s t  groilp, deflections in the second 
group, gravity anonxilies in 10 kinf S height in the third group, etc. The group 
character is t ics  (the type of observation and the quantity RP, ($7)) a r e  s tored in two 
a r r a y s  INDEX and P, which will a l so  contain the subscripts of the f i r s t  observation 
in the group within the total s e t  of observations and a quantity related to the square 
root of the v a r i m c e  of the observations. This quantity i s  used for  the scaling of 
the normal  equations (in which all the diagonal elements will be  equal to me).  



The covariances a r e  computed using the equations given in Section 2.2.  
Thus, fo r  degree-variance model 3, the covariances will be evaluated using the 
subroutine SUMK a s  well. This subroutine computes the sum of the infinite se r i e s  

CD Q, m 
1 a  1 1-1 1 p - 2  

L - S Dt Pa(t) and - 
S k t  L ( a + B )  2 @+B) D: pkt) ; 

which a r e  needed for the computation of the quantities cov:(si, s J ) ,  cf. eq. (39) and 
Tscheming and Rapp (1974, eq. (130) - (135)). 



6. Input Spec if icatioils . 
We can divide the input data in different (sometimes overlapping) groups: 

(A) Data (generally true/false values of logical variables) determining 
the flow of the program (LTllAN, LPOT, LCREF, LGRID, LERNO, 
LSTOP), 

(B) Data specifying selected input/output options, 

(C) Data specifying the reference systems used for coordinates and obser- 
vations, 

(D) Data specifying the degree-variance model used, 

(E) Data used for the determination of T (i. e potential coefficients, gravity 
values, deflections, etc. ) and solutions to normal equations, and 

(F )  Data used to specify which quantities we want to predict. 

The input flow is  roughtly sketched in Figure 5. The position of the 
integers i -5  in the diagram indicates the beginning of the input data beionging to 
one of the 5 groups described below: 

up to 
one 
repetition 

Figure 5: The Input Flow. 

@ Input data of category 

(A)-(F) mentioned in text. 

Up to 8 repetitions, when the input data 
has significantly different characteristics 

Unlimited number of 
repetitions 



The input consists exclusively of data on 80-column punch-cards. We will 
describe the content of each card,  but not the format of thc card. Instead, the for- 
mat statement number will be given (in brackets) together with a two to five digit 
number, e.g. 3.013. This number will be used to identify the corresponding card 
shown in the input example, Appendix B. 

We will divide the data in 5 categories: 

(1) Data of type (A),  (B) and (C) ,  i. e. data describing the reference 
systems used, 

(2) Data of type (A), (B) and (E),  where the data of type (E)  a r e  the 
potential coefficients, 

(3) Data of type (A) ,  (B) and (D), i. e. data related to the degree- 
variance models, 

(4) Data of type (A), (B) and (E), where the data of type (E)  a r e  obser- 
vations of gravity anomalies, measured gravity values, height anom- 
alies and deflections of the vertical, 

(5) Data of type (A), (B) and (F). 

The first digit in the identifying number will be the number of the category 
to which the card belongs. The other digits a r e  used to indicate to which group 
o r  subgroup within the category the card belongs. In case an input situation de- 
pends on the content of e. g. the card 3.01 and there a re  two different input pos- 
sibilities, the two cards will have the numbers 3.011 and 3.012 respectively. 
(Data of type (A) and (B) will, as mentioned above, in many cases be the true o r  
false value of a logical variable. The function of a logical variable can be explained 
by writing e.  g. : LE is a logical variable, which is true when XXX and false other- 
wise. Thus, we will in several cases below simply write LE = XXX.) 

Categoq 1. (The numbers in brackets are, a s  mentioned above, the corresponding ---- - 
format statement numbers). 

1.0 (105) The (true or  false) values of five logical variables: LTRAN= the 
observations must be transformed to a new reference system, LPOT= 
potential coefficients a r e  part of input data (observation data. set  XI), 
LONEQ = output the coefficients of the normal equations on the line 
printer, LLEG= output a legend of the tables, which will be printed and 
LE = the standard deviations of the observations to be input (otherwise 
they a re  se t  equal to zero). 



1.1 (103) A text of maximally 72 characters included in apostrophes, which 
identify the r e f e r ace  sys tem of the observations. 

1.2 (120) The semi-major axis (meters) and the inverse of the flattening of 
the Geodetic Reference System. The value of two logical variables, 
LPOTSD = the gravity a r e  given in the Potsdam system and LGRS67 = 

the gravity data a r e  given in the Geodetic Reference System, 1967. 

In case the gravity data a r e  not in the Potsdain system o r  in GRS 1967, input of: 

1.21 (121) The product of the gravity constant and the mass of the Earth 
(kM) in units of me ters3/ sec2. 

When LTRAN is true input of: 

l. 3 (131) The new semi-major axis (meters), the new kM (meters3/sec
2
), 

the inverse flattening, the translation vector (dX, dY, dZ) (meters) ,  dL = 

one minus the scale factor, the three rotation angles (c, ,  c,, c,) (arc  sec) 
and the value of a logical variable, LCHANG, which is true when the 
deflections and the height anomaly a r e  to be corrected for a systematic 
error .  (The correction must be given as  a change 65,, 6q0, 65, a t  a 
point with coordinates p,, X,, cf. Section 5.2). 

When LCHANG is true, input of: 

1.31 (133) cp, and X. in degrees,minutes and a rc  seconds, 65, , 6q0 in a rc  
seconds and 6C0 in meters. 

Category 2. Data of this category a r e  only input, when LPOT (card 1.0) is true. 
The values of kIvI and a ,  input on card 2.1, will have to be the best 
available estimates, cf. Section 3.2. They must be identical to 
the values input on card 1.3, when LTRAN is true. 

2.0 (103) A text of maxiinally 72 characters, describing the source of the 
potential coefficients. 

2.1 (137) kM (meters3/sec"), a (meters), the normalized coefficient c2*, 
multiplied by 106, the maximal degree of the coefficients and the value of 
a logical variable, LF&I, which is false, when the coefficients E! , ,  a r e  
punched on a separate card, and C,, , S,, on the same card in a sequence 
increasing with i and j ,  and true w11en the coefficients a re  punched in the 
same scqxnce ,  on a number of cards, but with a fixed number of coef- 
ficients on each card. The first  coefficient will, in both cases, have to 



be C,,, (even when this is zero) and all cards must have the same format, 
as given by 2.1. All the coefficients have to be fully nornlalized and 
multiplied by 10~.  

2.2 (103) The format of the cards on which the coefficients a r e  punched 
(in brackets). 

2.11 (format as  given by 2.2). When LFM is false, the coefficients with c,O 
on one card and Clj and SIS on one card. 

2.12 (format as  given by 2.2).  When LFM is true, the coefficients in a se-  
quence increasing with i and j on a number of cards. 

Catezory 3. We can select one of three anomaly degree-variance models, by -- --- 
giving the variable KTY PE the value 1 , 2  o r  3, cf. Section 2.2 
eq. (30), (31) and (32). 

When KTYPE is equal to 3: 

3.01 (107) IK = the variable B in equation (32). 

The degree-variance model is  then specified by giving 

(a) the ratio R/R, between the radius of the Bjerhammar sphere and 
radius of the mean Earth, 

(b) the variance of the gravity anomalies on the surface of the Earth 
(VARDGB), (from which the constant A, in the equations (30)-(32) 
a r e  computed, cf. , e .  g. equation (go)),  

(c) either the "order" Ll'vfAX of the local covariance model to be used 
o r  a zero, which will indicate, that empirical anomaly degree- 
variances a r e  used, and in this case 

(d) the empirical anomaly degree-variances, given on the surface of 
A 

the Earth, aE(Ag, Ag), (88). a 

When IMAX is equal to zero, input of the maximal degree, IMAXO of the degree- 
var iances &; (A g, A g). 



3.12 (103) The forinat of the degree-variances. These must be punched on 
one o r  more cards,  sequentially from degree 2 to IMAXO. 

3.13 (format a s  given on card 3.12). The quant,ities &;(ng, Ag) in units of mga12. 

Category 4. hpu t  of up to 9 clatasets with ~i~gnif icantly different characteristics.  ------ 
One dataset can, for example, be two separate.datasets punched 
differently, but both being gravity anomalies on the surface of the 
Earth. Another clataset may consist of mean gravity anomalies, all  
with the same format. Before each separate dataset, there will 
be input of 2 o r  more  cards  specifying the characteristics of the 
dataset. 

All the records in a dataset must, be punched im the same way. 
There a r e  the following restrictions (o r  options): A station number 
may be  punched. In this case it must be the f i r s t  datafield on the 
card  and maximally occupy seven positions. The next two data- 
fields must contain the latitude and the longitude (in an arbi t rary  se- 
quence). When the height is given, it  must be punched in the next 
datafield. 

The following (up to four) datafields will have to contain the observed 
quantity (or quantities in case of pairs  of deflecti n components) and P its standard deviation. When the observation is a pa i r  of deflections, 
they have to be punched in the same sequence a s  the latitude and the 
longitude a r e  punched. In t,he las t  datafield the value of the logical 
S T O P  has to be punched, generally false ( = blank), but true for 
the las t  record in the dataset. 

4.0 (103) The format of the records (in brackets). 

4.1 (202) INO=l when a station number is  punched, 0 otherwise, ILA = the 
number of the datafield occupied by the latitude, ILO = the number of the 
datafield occupied by the longitude (ILA and ILO will be equal to 1, 2 o r  
3), am integer IANG specifying the units used for the latitude and the 
longitude (1 for degrees, minutes, arc.  sec . ,  2 for  degrees and minutes, 
3 for degrecs and 4 for  400-grades), IH= 0 when the height is zero  and 
not punched and otherwise the number of the datafield in the record in 
which the height i s  punched (generally 3 o r  4), IOBSl= the datafield number 
of the f irs t  observation in the record, IOBSB = the clatafield nunlber of the 
second observation (zero when there is only one observations), the 



value of an integer XI?, specifying the kind of observation: 1 for height 
anomalies, 2 for  measured gravity o r  gravity anomalies (point o r  mean), 
3 for  pairs of deflections, 4 for the latitude component 5 and 5 for the 
longitude component 7) . 

Then the ratio R P  (87) between the sphere on which the observations a r e  
situated atid the mean Earth radius and finally 5 logical variables: LPUNCH = 

punch observations together with the difference between the observed quantity 
and a possible contribution from the potential coefficients and a contribution 
from Collocation I, LWLONG = longitude is measured positive towards west, 
LMEAN= the gravity is a mean value, LSA = the standard deviations a r e  the 
same for al l  observations, LKM= true when the height is in units of kilo- 
meters and false when the height is in meters.  

When the observation is  a height anomaly it will have to be given in units 
of meters, and when it is a deflection component in a r c  seconds. But 
when the observation is a gravity anomaly o r  a measured gravity quantity, 
it is possible to specify tivo constants DhI and DA, which when DA is f i rs t  
added and the sum multiplied with DM will bring the observed quantity into 
units of mgal. 

4.11 (203) DM, DA and a logical variable LMEGR, which is true, when the ob- 
servation is a measured gravity value. 

When LSA is true, the records of observations will not contain a standard 
deviation of the observed quantity, and the standard deviation will then have 
to be input separately: 

4.12 (212) the standard deviation of the observations. Then the observations 
a r e  input record after record, not exceeding a total number of 1598. 

4.2 (format given on card 4.0). Input as  specified on card 4.1, last  record 
with LSTOP equal to true. 

WhenLSTOP is true, a logical variable with the same name (i.e.  LSTOP) is input. 
It is true when the las t  dataset is the final dataset used in Collocation I o r  11. 
The final card  will hence have the value true (T) punched in the f i rs t  datafield. On 
this card, in this case, the values of two other logical variables can be punched. 

4.3 (230) The value of LSTOP, and when LSTOP is true, the values of two 
logical variables, LRESOL = input the solutions to the norinal equations 
(they must then have been produced in a previous i-un of the program) and 
LWRSOL= punch the solutions to the normal equations. 



When LSTOP is  false, the input process will he repeated from card  4.0. When 
LSTOP is  t m e  and LRESOL is  true, input of the solutions to the normal equations: 
F i rs t  an identification card  is read, then the solutions: 

4.31 (361) Input of solutions, i.e. the cards produced in a previous m n  of 
the program, where the logical variable LWRSOL was true. 

When the se t  of observations is the f i r s t  one (the variable LC 1 is false),  
input of a logical variable LCREF, e lse  jump to 5.0. 

4.4 (230) LCREF = a new se t  of observations, which will be used in collocation 
11, will have to b e  input, 

For LCREF= true, jump back to 3.1. 

Category 5. Data specifying quantities to be predicted. This specification will 
naturally have to be done in much the same way, a s  when the obser- 
vations were specified. We need coordinates and some variables, 
which specifies tile type of quantity to be predicted. There a r e  then 
two possibilities, which a r e  distinguished by the true and false value 
of the variable LGRID. 

When LGRID is  false, we will proceed in exactly the same way a s  
above, dealing with data of Category 4. The quantities to be pre-  
dicted will be  specified by a l i s t  of coordinates and 2 o r  more 
cards  specifying format and type of quantity to be predicted. 

The l i s t  of coordinates may in fact be a l i s t  of observed quantities, 
which we want to coinpare with the quantities to be predicted. If 
this is  the case, a logical variable LCOMP has to be true. 

When LGRLD is  true, the predictions will have to  take place 1n 
points which form a grid. The south-west corner  of thegrid 
will have to be specified together with the distance between 
the mesh points in northern and eastern direction and the num- 
ber  of mesh points having the same longitude and the same latitude. 

5.0 (200) Input of the logical values of LGRID, LERNO = estimate of e r r o r  of 
prediction is n m t e d  and LCOMP = compare predicted and observed quan- 
tities. 

F i rs t  time LCOMP is  true, two constants used to specify the sampling width for 
a frequency distribution of the difference between observed and predicted gravity 



anomalies (VG) and deflections (VF) must be input (e. g. equal to 2.0 mgal and 
0.5 a rc .  sec.  ). (The differences a r e  sampled in 21 groups. ) 

5.01 (203) VG and VF. 

When LGRID is  true: 

5.02 (201) Coordinates (latitude and longitude in degrees and minutes) of the 
south-west corner  of the grid, the increments in latitude and in longitude 
(minutes), the number of increments in northern and in eas tern  direction, 
the value of the R P  giving the type of quantity to be predicted (see 4. l), 
R P  (see 4. l), L & A P =  print the predicted quantities on the line pr in ter  
with all  values which a r e  predicted in points with the s a m e  latitude on 
one line and al l  values predicted in points with the same  longitude above 
each other, LPUNCH = punch coordinates, predicted quantity and when 
LERNO is t rue the estimated e r r o r ,  LiLIEAN= gravity to be predicted 
i s  a mean value. 

When LGRID is true, jump to ca rd  5.1. 

Now, when LGRID is false,  we may input l i s t s  of coordinates just as above: 

5.030 a s  4.0 (format of records)  

5.031 a s  4.1, with the following changes; When LCOMP is true,  LPUNCH will 
mean the same  a s  in 4 . 1  and the e r r o r  of prediction will be punched when 
LERNO is true. When LCOhlP is false,  the predicted quantity a s  given 
in the new and in the old reference system will be  punched together with 
the e r r o r  of prediction, when LERNO is true. The logical variable LSA 
has  no function in this phase of the computations. 

When no observed quantity i s  contained in the record,  both IOBSl and 
IOBS2 will have to be put equal to zero. Thus, in this case  the record 
will have to contain the height. (The program requires  the presence of 
a t  leas t  one datafield be!xeen the datafields occupied by the latitude and 
the longitude and the datafield occupied by the logical variable LSTOP). 

When IKP= 2 (we a r e  predicting gravity quantities): 

5.033 input a s  specified by 5.030. 



5.1 The value of LSTOP, true when no more quantities a r e  tb be predicted. 

When ISTOP is false, jump to 5.0. 

An input example is printed in Appendix B. 



7. Output and Output Options. 

The output from the FORTRAN program has been designed with the purpose, 
that the determination of ? and subsequent predictions should be a s  well documented 
a s  possible. This means, that nearly everything, which is used a s  input also will 
be output. 

There a r e  a few exceptions: 

(a) data of type (A) and (B) (cf. Section 6) a r e  not printed, 

(b) the potential coefficients a r e  not printed, 

(c) a measured gravity value is not printed, but the corresponding free-air 
anonlaly is, 

(d) more than two decimal digits of coordinates given in minutes o r  seconds 
and of observations a r e  generally not reproduced. 

With these exceptions all input of type (C) to (F) a r e  printed with proper headings 
02 the !ize printer. 

We will now distinguish between non-optional and optional output. The out- 
put can be made on h 7 0  units, unit 6 the line printer and unit 7 the card punch. Non- 
optional output is output on the line printer exclusively. 

-A program identification is printed giving date of program version. 
-The used mean Earth radius and the reference gravity used on the sphere in 
equations (20)-(22) is printed. 

-The equatorial gravity and the potential of the reference ellipsoid a s  computed 
from the constants specifying the reference systems. 

-The residual observations di-,X,, and if meaningful: the contribution from the 
datum transformation, from the potential coefficients, the first dataset (Collocation 
I) and the second dataset (Collocation IT) and the sum of these contributions, 

-The pedicted quantity and if meaningf~tl: the contributions from the datum trans- 
formation, the potential coefficients, Collocation I and 11. 

-The solutions to the normal equations, 
-The estimaLcd variance of the residual observed and predic ted quantities, and 
-Error messages in case e. g. certain a r ray  limits a r e  exceeded. 



Optional output on the line-printer: 

-A legend of the labels of observations and preclic tions, (LLEG - tme) ,  
-The difference between observed and predicted quantities (LCOMP = true), 
-The estimated e r ror  of prediction (LERNOZ true), 
-A primitive "map" of the predictions (LGRID = true and LMAP = true). (The 
predicted quantities multiplied by 100 will be printed with the values predicted 
in points with the same latitude on one line and the values predicted in points 
with the same longitude above each other, see the ' tmaptf, Appendix C,  page 125. ) 

-Mean value and variance of difference between observed and predicted quantities 
and table of distribution of the differences samples according to specified sample 
width (LCOhZP is true). 

Optional output on the card punch: 

-The solutions to the normal equations b, and b, (LWRSOL = true) 
-the observed quantities and the residual observations (LPUNCH= true), 
-the predicted quantities, the estimated e r ro r  (LERNO = true), the difference 

between observed and predicted quantities (LCOMP = true), and when LCO&ZP 
is false, the predicted quantity in the original and the new reference system. 

The solutions to the normal equation can be used a s  input to the program, 
cf. Section 6, input specification No. 4.31. 

An example of the output on the line printer is given inn Appendix C.  



8. Recomn~endations and Conclusions. 

A development of a computer program a s  the one presented here is a task, 
which can be continued for years. But a t  some point it is necessary to stop and 
present a fully documented program version, even if it is  obvious that improve- 
ments can be made. 

Most of the recent ideas and investigations in the field of least squares 
collocation a r e  used in the program. Hence, the program may principally be 
used for 

N 

-the determination of an approximation to the anomalous potential, T and 

-prediction and filtering of gravity anomalies, deflections and height 
anomal ie S. 

The determination of may be improved in several ways. The program 
should be changed so that other types of data a s  e. g. density anomalies, satellite 
orbit perturbations, and gravity gradients can be used a s  observations and pre- 
dictions. The program should also be able to predict potential coefficients. The 
covariance models, which can be used in the program a r e  all isotropic. The use 
of a non-isotropic covariance model may improve the determination of y. 

In Section 3.2 it was pointed out, that the data had to be given in a geo- 
centric refe

r

ence system. Thus, the necessary translation parameters may be 
estimated by including these quantities as  parameters X, cf. eq. (7) and (g), 
Tscherning (1973) and Moritz (1972, Section 6). 

It is also possible to add new data to an  original set of observations, with- 
out having to conlpute and invert the full covariance matrix. This type of compu- 
tation is denoted sequential collocation cf. Moritz (1973). This feature may very 
easily be incorporated in the program, especially because of the flexible design 
of the subroutine NES (cf. Section 5.2 and the comments given to the subroutine 
in Appendix A) .  

The determination of potential coefficients and datum shift parameters may 
also be incorporated without difficulties. But the other proposed improvements 
can not be made before the theoretical background and the necessary algorithms have 
been developed. 
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Appendix 

A. The FORTRAN 1V program. 

B. An input example. 

C. An output exanzple. 



Appendix A.  

T h e  program is written in the language FORTRAN IV, cf. B M  (1973). It may 
be run on an 113M model. 370 computer equipped with an B M  model 3330 disk 
unit. The  program may be compiled and executed using the catalogued pro- 
cedure FORTXCLG, cf. IBM (1972, p. 89) using the following job control 
language statements: 

// EXEC FORTXC LG, PARM. FORT='OPT(2) ' ,  
// TIME. FORT=(,  3O), REGION=2521< 
//FORT. SYSIN DD * 

program statements 

//GO. F T  G G F O O l  DD DSN=DASET, CNITSYSDA,  
// SPACE=(12800,920), DISP=(, DELETE) ,  DCB=(DSORG=DA, BUFNO=l)  
//GO. SYSIN DD * 

input data 
/ * 
// 



a: 
C PPOGRAM G C O D E T I C  C O ! - L J C A T l C ! h S  V E R S I O N  2 0  APR, 19749 F O R T ' Z A N  T V 9  ( ? F P  
C 3 6 Q / ? O ) ,  PPnGKLCiYkD 6 V  C , C o Y C U E R h % N G ~  D A N I S H  G F O O E T l C  I N S T I T U T E /  CFP ,  
Q G E O D E T I C  S C I t N i t ?  OSL~,  
C SHE PROGRAM C O V P U T E S  A N  A P P K 3 X I M A T 1 3 Y  T O  T H E  A Q 9 M A L O U S  P O T F Y T I A L  '-IF 
C THE E A R T H  U S I h G  S 7 E r ' W I S E  L E A S T  SQUAXE-F C O L L O C A T l O N e  T H E  MFTHrIT) 9FL)U.I- 
6 K E S  T H E  S P F C l F 1 C A T l W i  OF ( P I  @!vE Oh TWC $ C Y D  I N  A  S P F C I A L  C A S E  T P Q F E )  
C SETS O F  Q Y S E K V E D  O U A i J T I T I E S  W I T H  KVfJH1\l S T A N D A R D  O F V I A T I f l N S  AQD ( 2  1 P N F  
C OR TWO C D V A R I k k ' C E  F U Y C T I O N S .  
C THE C f i V k R I A N C C  F U Y C 7 I C I N S  U S F D  A R E  I S O T R O P I C e  T H E Y  A R E  q P F C I F 1  ED S Y  A 
C S E T  OF E M P I R I C A L  A ~ P 4 A L Y  D E G R E E - V A R I A Y C E S  O F  P E G R F F  L E S  THAY AY 
C I K T E G E W  V P Q I P F L E  I M b X t  R Y D  E Y  A ANOMALY DFS!iFE-VA?IA?4CE MOOFL  F R 9  T H E  
C D E G P E F - V A F I b h C E S  @F D F G P E F  C R F A T H F R  T H A N  I M A X .  
& THE OF. S E R V A T I O N S  M A Y  3 F  P O T F I J T I A L  C O E F F I C I F Y T S  9 bIEAN 9 R  P U I n l T  G S P V I T Y  
C A M O M A L I E C ,  H F l G H T  A N O W L L I E S  P44D I J E F L E C T I P Y S  C F  TUE V E R T I C A L .  B F I L -  
C T t R I N G  OF THF ' - I M S F 9 V A T i W ! S  1 A Y F S  P L A C E  I / r U L T A Y E 3 U S L Y  W I T H  T H F  D E T E R -  
C M I I J A T I O V  O F  T t * E  AM3VALOIJS  F f J T F U T I A L .  
C THE D E T F R M I k A T I L ' t :  I S  V P C I F  1N A AI',LVREQ G F  S T E P S  Ff 'UAL TO T H E  N U Y S C Q  O F  
e stvs CF oe:Enva-rrrr%s, WHEN P O T E N TI AL  C O F F F I C ~ E N T S  A F E  U S F P ~  WI LL THF-  
C E S E  F f l R M  A S F P E F b T E  S F T  AFID T H E  T O T A L  Y L V M Y E 9  OF S E T S  EIAY Ir\l T H I S  C A S E  
C AMnUNT TQ T H R I F ,  
C E A C H  D A T A S E T  IFLCH S T F P )  W I L L  D E T E R M I U E  A ) - ; IAQMOYIC F U Y C T I D Y y  A V D  T H E  
C PPiOMALI3US P O S E N T I A L  N I L L  5E  E Q U A L  T O  T H E  SUY OF T F E F S F  ( ? l A X I M b L L Y  
C T t i R F F  1 F U h C T  EDhS. 
C P O T E N T I A L  C n E F F L C I E N T S  W I L L  D E T E R V I W F  A F U N C T I O F l  F Q U A L  TO THE C V F F F H -  
C C l E N T S  M U L T I P L I E D  B Y  T H E  CUC.RFSDONDIi '4G S O L I D  S P H E R I C A L  r - ' A Q M O U I C C .  T H E  
C U P  T O  TWO c F T ?  UF D A T A  D I F F F F E N T  FRPM P O T F N T I A L  C O E F F I C I F V T S  W I L L  
C F A C H  RE U 5 F D  T O  D E T E R P I X E  C O N S T A Y T S  E (  11, T H E  C O F ' ? E S P r ] Y r l l ? l G  H A Q M n Y I C  
C F U N C T I O V S  4RE T H F X  F Q U A L  TO T H E E S E  C O l r S T A Y T 5  M U L T I P L I F r 3 r  SY T Y E  COVA-  
C R l A N C F  E E T h F E N  THE P E S E R V A T  I D N S  A\D THE V A L U E  OF T H E  AVOMALOUS POT-  
C F N Y I 4 L  I N  A P C t L h T p  P s  

C %"F M A I N  F U U C T l r N  P F  T U F  PqOOPAM I S ,  R E S I P E S  T H E  C ' I M P Y T A T I O N  O F  T H F  
C C O Y S T A N T S  E (  I S ,  TYE P R E D I C T I ~ Y  C:F THE G U ~ T I T I E ?  F T A ,  G E L T A  e ,  u s r  
C AND E T A  191 P O I N T S  Q .  TH-rE P R E D I C T E D  V A L U E  I S  E C U A L  TO THE P R g D U C T  SUY 
C OF B (  I )  ANP T E E  C D V P R I A Y C E  E E T W E F N  O B S E R V A T I O N  Y 0 . I  AND TtJE O U A V T I T Y  
C T O  @ F  P R F D I C T E D .  
C 
C R E F ( A 1 :  T S C " t R N I N G p C * C -  AND R - H e R A P P :  C L O S E P  C O V A R I A N C E  F X P U E S S I O t ' I S  
C F09 t - S A V I T Y  A N O M A L I E S ,  G E O I O  L !YDULATIPY!Ss  A h D  D E F L E C T 1  nUq P F  
C T H E  V F R T  I C  AL I M P  L I  ED E Y  A'V3MALY DEGREE-VAR I A V C E  M ' J 9 E L 5 ,  D E P -  
C A R T M F N T  OF G F O G E T I C  SC l E N C F t  T P F  O H I O  S T A T E  UY  I V E 9 S I T Y  9 

C R E P O R T  NO* 708 t 1974 
C R E F ( R ) :  TSCHERNI r \ ;G ,CoCe :  A  F O R T R A N  1V " R C C R A P  FTIR T H t  D E T F R M I N A T I P N  
e nF T ~ E  ANOMALOUS POTEN TI AL  USIQG S T E P W I S E  L E A S T  S Q U A ~ F ~  CPL- 
C L D C A T l O N  t DEFAFTME ' !T  O F  GEODFT  I C  SC  I F U C F I  T H E  O H I D  S T A T E  U Y  I -  
C V E S S I T Y ,  9 F P D R T  N O *  2 1 2 9  19749 
& R E F f  C ) :  H F I S K A N F N  b.1.A- AND H.MC1R I T ? :  P H Y S I C A L  GEOCIFSYp 1067. 
C R E F ( D 1 :  J A M E S r  R e W * :  G E D ~ H Y S ~ J ~ R ~ A S T R ~ S O C ~ I ~ ~ Q ~ ~ )  17, 3 0 5 -  
c 

I M P L I C I T  S Y T E G E P ( ~ ~ J ~ K ~ M I Y ) ~  L f l G I C A L ( L ) t R E A L  * R ( A - H q O - Z )  



C O M M Q Y / P R / S I G M A ( 2 5 0 ) T C , I G M A n ( 2 5 0 )  v i3 (  1 6 C ! r ) ) ~ P ( 4 2 ) r  
* S I N L A T (  1600)  r C O S L A T ( 1 6 0 r ) )  I P L A I  ( l 6 n n )  , R L f l K G (  1 6 , 0 0 1  v C ~ ~ S L A P T S I ' J L A P T  
* R L A T P  T E L O N G P T Q P T P P E T k P 9  P R E D P ~ P W O L f l N F C f l T  L ? < K S I p q L N E T A P T L D F F V D T L P d ~ F P  T 

* L G k P ~ L N G K q L K € Q l  ~ L K E 6 3 T L K N E 1 T I V 1 t h I q N f < p K T Y P € ~ I ' d D F X ( 4 ? )  
C  1N / P R /  A K F  S T O R E D :  D E G R E E - V A R I A N C E S  ( S  IGf-?A T S I G Y A O )  9 T H E  C P N S T ( I U T S  
C e c r  ) ,  THO C A T A L O G E S  OF ~ E ) S E R V P . T L U N S  ( 9  Ahrn I N D E X) ,  LATITUDF A W  CO:, 
C  S  I N  H E R E D F  A V P  L n N G  I T U U E  D F  T H E  O b S E P V A T I ( 3 , . J  P 9 I V T  ( $ I Y L A T , C O S L 4 T . ' L A T r  
C  R L O Y G )  C C S S E S P O N D I K G  Q U A N T I T I E S  F O S  P O I V T  DF P F C E r l C T I 9 V  (''17 9 A T I 9  R P  
C B E T h ' E F N  R A G l U S  O F  S P H E K E  GN W H I C H  P I S  S I T U A T E D  PND P 3 ,  TWO V A L I I A E L F S  
C  1N W H I C H  F P . E D l C , T I C N S  A R F  A C C U F I U L A T E D  ( P F F D P T P R E T A P ) ?  A  C I U A N T I T Y  9 E L A -  
C  T E D  T O  T"E V A k I A N C E  O F  T H E  O P S E R V A T I O N S  U2 P R E D I C T I O % S  ( p a l  T L O G I C A L  
C  V A R I A E L E S  U S E D  T O  D I S T I N S U I  SH B E T W E E N  lj I F F E P E N T  P s C D I C T I O N  S I T U A T  I O N S  
C ANP COVAR I Ah!CE MOPE LS.  

COMMON /CKW/WOEiS(  1 6 0 0  
C I R  / C P N /  A R E  STORFC) T H E  A W I D K I  S T A N D A R T ;  D E V I A T I f i N S  A S  LflkG A S  T H E M  
C  A P E  NEEDED. T V f  S T O R A G E  LOCATIC!?:S A R E  L A T E R  U S F P  FCQ O T H E R  P U R P O Z F S o  

CCMMON / E U C L / X q Y y Z r X Y  , X Y 2 T D I S ' T r ! ~ E i S T 2  
C I Y  / / E U C L I D /  A P E  STf leED:  T H E  E U C L I D I A N  C O O P . 3 I N A T ' E S  PF A P O I N T T  TUE 
C  O l S T A N C E  A V @  T V F  S O U A P E  O F  T H E  D I L T A Y C E  F P O Y  T H E  Z - A X I S  X Y r  X Y 3  ANn 
C  T h E  G I S T A % C E  AND T H E  S Q U A R F  O F  T H E  D I S T A N C C  FROM T P F  n ? l G I Y  O I S T O  AN,P 
C  D I S T ? ,  

COMMOY / N E S U L / C ( 4 7 0 0 )  r ? J C A T ( l O O )  T I ~ Z E ( ~ ~ ~ ) T ~ ~ L ( ~ ~ @ ) T ~ A X @ L ~  19 
C  I N  / N E S Q L /  A R E  S T O R E D :  T P E  A R F ? A Y  C  U S E D  T D  T R A N S F E R  7°F C P E F F l C l E N T S  
C OF T H E  N O R M A L  F Q U A T I O Y S  AND T P E  SCJLUTI rJNS T O  A V D  F Q 3 M  D I S K - S T n " A G E q  
C  N C A T T  I S Z E  AND N B L  H O L E S  I N F O Q M A T I Q N  A 6 O U T  THE STCiRAGE CEC'UEYCE 3 F  T H E  
C C O L U M W S  P4XF.L I S  T H E  KUFlEFP FF F L F C K S  VF S I Z E  C + N C A T + I S Z E  U S F C  "N T H F  
C  D I S K *  I Q  P O I N T S  ON T H E  T R A C K  O N  T H E  D l S K  A R E A  I N  W H I C H  D A T A  I S  TO EE 
C S T O P E D  OR E E T F I V E D ,  

C O M M ~ ' \ I / O U T C / K Z T K ~ T Y ~ T  I U r K 2 1 r I U l r  I A Y G T L P U N C H ~ L O U T C T L Y T R A N ~ L Y F ' L \ I O  
* r L K 3 0  

CDMMON / C ~ E A D / I A T I R T I H ~ I P T I T T I A ~ ~ I E ~ ~ ~ ~ ~ ~ I T ~ T I C ~ ~ I C ~ ~ ~ ~ ~ ~ I ~ B S ~ ~  
* I D R S ~ ~ L P C T T L C ~ T  L C 2 y L C K E F 7 L K Y  

C  1 N  / O U T C /  ANE /Ct ; 'EAC/ A R E  STClREO I N F O R M A T I O N  USED TO HAYDLE T H E  D I F -  
C F E R E N T  I / O  S I T U A T I D N S o  

C O M M C t V / 0 5 S E F / 9 b S (  2 0 )  
COMMON / D C O N / D O T D ~  T P 2  
COMMON / S C K / I K t  L K O T  1 K l r  I K 2 7 I K A  

c 



C MFNSION OF TFE b R K A Y  N P L  ( I N  1HF 60i4elOU R L Q C K  / N F S n L / ) ,  
D E F I N E  F I L F  8 ( 5 ? O 9 3 2 O O t U , I Q ?  

e 
C l N I T l A L I Z A Y l O N  OF V b R I A P L E S t  WHICH ARE I Y  CnMMOhJ B L C C K S o  

DO = O * O D O  
o i  = n , n w  
D 2  - Z 0 0 D 0  
D 3  = 3 a O G O  
P ( 1 9  = DO 
P ( 2 1 B  = DO 
C O S L A T t  1600 J = D 1  
S I N L A T f l t , O O )  = U0 
RLkTd  P t ~ Q O I  = DO 
RLONG(16001 = D O  
C L A  = PO 
W P ( 1 1  = RF+*S /GP 
W = S E * * 2  / G l A * 2 O 6 ? 6 t , 8 0 6 L O  
WP(2 )  = D 1  
W P ( 3 )  = W 
W P ( 4 1  = I4 
WP(51  = W 
B T  = 0 
1 P  = 0 
LNFRtL'3 = L T  
L C P E F  = L F  
L C 1  = L F  
L C 2  = L F  
I N D E X  ( I  1 = 0 
D@ 12OG I = 1, 2 5 0  

1700 S I G M A O ( 1 1  = D0 
C 
C H E A D I N G S  AND D E F I N I N G  C P N S T A N T S .  

k l R 1 T E ( 6 ? 1 0 4 )  
104 F O R M A T (  a 1 G F O D E T I C  C O L L O C A T T O N I V E R S ~ O Y  2 0  APR 1 9 7 4 a F / / %  

M R I T E ( h r l l 3 )  
113 F O R P A T (  "Oh'C!TF T H A T  THE F U h C T  I O N A L S  A R E  I N  S P q F R P C A L  A P P P f 7 X % Y A T I f l N B  

*/B M E A N  R A D I U S  = RE = 6371 KM AND M E A V  G R A V I T Y  9 8 1  K G A k  U S E D e * )  
e 
C I N P U T  OF 5 L O G I C A L  V A R I A B L f S v  L T R A N  = C F O R G I N A T F S  A R E  T f  SE T 4 A V S -  
C FORMED TO N E N  R F F E R E N C E  S Y S T E M ?  L P O T  = P O T E Y T I A L  C D r F F I C I E \ ! T S  A Q c  T O  

BE U S E D  A S  F I R S T  S E T  OF O B S E R V A T l O Q T t  L O N E Q  = O U T P U T  C O E F F I C I F U T S  3 F  
C NCRKAL F Q U A T I G N S  ON U N I T  69 L L E G K  = O U T P U T  L E G E N D  VF T A P L E S  ? F  0 9 S F P -  
C V A T I O Y S  OR P R E D P C T P O N S  AND L E  = T A K E  ERRORS CIF O F S E R V A T I O R S  I N T P  b C -  
C C C U N T e  

R E A D ( ~ ~ L O ~ ) L T R A N I L P O T , L U N E Q ~ L L E L ~ L E  
B 0 5  FORMAT (5LF ' )  

L N T R A N  = .NOT.LTi?AN 
LNPOT = .Nf lT .LPOT 
I F  ( e N Q T - L E )  W R L T E ( 6 t l l 8 )  

118 FORMAT l ' FF.RORS I N  I 1 b S E R V A T l C I N S  ARE NOT T A K F N  i N T O  A C L f l U V T -  ' 1  



C 
I F  ( L L F G )  W R H T F ( 6 s l l 4 )  

114 FORMAT ( 'C'LEGEND O F  T A B L E S  OF O S S F R V b T I O V S  ARD P R F D T C T l n N q  :' ,/ 9 

* '  0 6 s  = O P S E K V E D  V A L U E  (k lHFs l  B O T H  C O M P D W F Y T C  '1F D F F L E C T I q Y S  A I ; F B / e  
* @  O B S E R V E I  E T A  R F L O W  K C  l )  p D I F  = T H E  D I F F E Q F V C F  R E T W E F R I  0 3 S F 9 V F D 8 / 9  
* I  AND P P F r  I C T F D  V A L U F  p WHFV P R E D I C T I O N S  ARE: C P Y D U T F D  A K D  F L C C  ' / v  

S s  THF K F r I l C j r J P L  ( > R S F P V A T I O : 4 ,  E R ?  = F S T l r l A 7 E I )  FPRO' I  O F  P R F ~ ) I C T I C Y V / P  
4'3 TRA = C P V T P I Z U T I P Y  FROM D A T U M  T S A Y S F G R M A T I C ' Y p  P O T  = C n Y T ? I - ' / v  
* '  B U T I n Y  F P O V  P f l T E Y T l A L  C D E F F I C I E Y T S v  C O L L  = C O Y T Q T E U T I ~ U  " 3 ! 4 ' / 9  

*' C O L L C I C A T J O ' I  D E T E R W I N E P  P A i i T  U F  F S T I f l A T E ?  WHF'! T H F F C  O N L Y  ' + A S " ,  
* @  PEFY U S k D  ONE S E T  O F  G B Y E S V D T I O N C  ( D I F F E R E N T  Fs fJ '4  P 'JTgCOCF!= , )  ' 6 ,  
* v  C O L L I  = C P k ' T X I k U T L O N  FPPF E S T I V A T F  OF ANflXbLOUS P O T .  D F T F R - @ / v  
* @  MIYFL' I  F S O M  F I R S T  S F T  O F  O i 3 S E 9 V A T I O N S ~  C O L L Z  = C 3 Y T R I B U T I T ) " . ' / r  
* @  F P O V  E S T I Y A T E  C J R T A I Y E D  F R O M  S E C D V D  5 E T  PF C l F S F R V A T I T l Y S ,  P Q E D = ' / ,  
S '  P R E D I C T F D  V A L U E  I Y  YEW R E F F R E Y C E  T Y S T F M I  WHFY P R F 9 I C T I 7 Y S  A P F ' / *  
* l  COMPUTFCI ANO F L S E  Tt-IF SUlZ O F  T H E  C O N T % I B U T I 7 N S  F R f k l  T H F  P D T . s / t  
* '  C O E F F I C  I E h T S  A K D  F 1  Q S T  T S T l b 4 L i T E  O F  ANDMDLCJIJS P O T E N T I A L .  A W J  ' / p  

* '  P R E C - T R A  = P R E D I C T I P N  P R  ?Ui+ O F  C O N T R I E U T I O N S  I N  T H F  n L r  P E - @ / ?  

* '  F E R E N C t  S Y S T E M . ' )  
C. 
C. I N P U T  OF P A T A  OF R E F E R F Y C F  S Y S T E M .  

W K I T F  ( 6 , 1 0 6 )  
106 F O R g A T ( ' O o E F E Q E h ! C E  S Y S T E M : ' )  

C I N P U T  OF T F X T  R E S C i Z I R I F i G  R E F E R E N C E  S Y S T E H  I FqkX.72 C H A R C I C T L F S  
R E A D (  ' T 9 1 0 3 ) F M T  
W R I T E ( h q F f 1 T )  

C I R P U T  O F  S F Y I - M P J O R  A X I S  ( M E T F R S ) ?  l / F L A T T E N l Y G ,  V A L U E  OF TWO L O G I C A L  
C. V A 4 1 A b L E S I  L P C j T S D  = G Q A V I T Y  I Y  D O T S E A M  S Y S T F M  A V C  L G R S 6 7  = G P A V I T Y  R F -  
C FER TT; GRS 1967, 

R E A D (  ~ ~ ~ ~ ~ ) A X ~ / P F O ~ L P O T S D / P L G X S ~ ~  
120 F @ R M A T ( F l O . L y F l P e 5 , 2 L 2 )  

F 1  = D I / F n  
E 2 1  = F l * ( P 2 - F 1 )  
I F  ( L P O T S n . O R . L G R S h 7 )  50 TO 1 0 2 1  

C. I K P U T  OF GM CIF- P E F E R E N C F- S Y S T F M  OF D P S E R V A T I D N S .  
R E A L (  5 1  1 2 1  ) C M 1  

1 2 1  F O K M A T  ( D l 5 . 8 )  
1021 I F ( . Y 3 T g  LCTRSh7) C A L L  C S A V C ( A X ~ , F I , G M ~ V ~ T L F O T S D I U R E F O T ~ R ~ F )  

I F  ( L C F S 6 7 )  C A L L  G R A V C ( 6 3 7 8 1 6 0 . 0 C 0 , D 1 / 2 ? 8 . 2 4 ? 1 7 D O 1 3 . 4 ~ 6 0 3 D 1 4 ~ ~ ~  
* L F y U ? F F O T G Q E F )  

W R I T F  ( h , 1 7 7 ) A X l p F O , G P , E F p U C i E F O  
122 F O P M A T ( O 0 A  - ' 7 F 1 0 . 1 7 '  H V T  

4 '  1 / F  = @ T F 1 O . F /  p 

* @  R E F . G Q A V 1 T Y  A T  F Q U A T O Q  = ' ? F 1 2 . 2 ~ '  M G A L ' / r  
8'  P O T F ? < T I A L  A T  K E F - F L L .  = 0 ~ F 1 ? . 2 r '  M * * 2 / S E C * * ? ' / t  

G R A V I T Y  F O Q W J L A : ' )  
I F  ( L P P T S D )  N R l T F ( 6 ~ 1 7 3 )  
1 F  (,NOT. ( L P O T S r s C I F  o L G K S 6 7 )  ) W I ? I T E ( ~ T I ~ ~ ) G M ~  

123 F O R M A T (  I ~ V T E R V A S I O Y R L  G K P V I T Y  F C P M U L A t  P O T S O A M  S Y q T E M o W )  
174  FnRMATB C O E F F I C l E Y 7 S  C O M P U T E C q  U S I Y G  GM = ' y D I 5  , D / )  





C  
C  INPUT OF TFXT  D E S C R I B I N G  SOUrlCE OF THE P O T E N T I A L  C O E F F I C I E N T S  ( M A X ,  73 
C  CHARACTF? S ). 

RFAD( S 9 l O 3 )  FMT 
W P I T E ( h , l 3 0 )  

1 3 0  FORYAT(@OSOURCE OF THF P O T F N T I A L  C D F F F I C I E Y T S  USED: ' )  
WRITE(h ,FMT)  

C  
C  lNPUT  OF GM (P'ETERS**3/SEC*+2) A ( M E T E Q S )  9 THE WOPVALIZFD C n F F F I C I  FNT 
C  C'F DEGREE TWO ARD OPCEP ZERI: ( T H F  F C O Y D  DFCRFF ZDklAL YA9! lORIC)  MEL- 
C  T l P L l E D  3 Y  Z e O D h T  THE MAXIMAL DEGhEF DF THE C n F F F l C I F Y T ' ,  A  L C < I C A L  
C V A R I A B L E T  TPUE WKEY THE C O E F F I C I E Y T S  A R E  PUYCHEO W I T H  A  F I X F D  CL'U'IEER 
C  ON EACH C A k n  ANG FALSF,  WhFhl  THF L f i E F F I C I E U T Y  DF TtJF ZOPIAL HA9'AnUTCS 
C  ARF PUNCHFn SEPFRATLY ON OWE CARP AhG TYE q T H F 4  C C F F F I C I E h T S  W I T H  THF 
C  COEFFIC1E:UC OF THF S A M F  PRT!€R ANI j  DEGRFF O N €  ( ? V C  CAR>. I N  PC)Tq C A 5 E S  
C  MUST TUE CCIEFFICIENTS EF PU%C"ED LCCDpDINC TO I V C P E P S I N G  DEGREE A R D  
C  OKDERa A L L  C O E F F I C I E Y T S  MUST E E  YOkk?ALI  ZED AND M U L T I P L I E D  !3Y l .OD6a 

READ( 5 7  ~ ~ ~ ) G M P T ~ X I C I ! F F (  5 )  th !VAXtLFX 
137 F 0 Q M A T ( 0 1 5 s 8 9 F l l . l r F 1 0 ~ 4 p  1 4 T L S )  

WRITE ( ~ T ~ S ~ ) G V P ~ A X I C O F F ( ~  ) T K M A X  
1 3 8  FORMAT ( ' 0  G 1.1 A CC'FF ( 5 )  MAX.DCGRFE',/ 

* D 1 5 e B 9 F l l - l 9 F 1 0 a 4 r  1 4 )  
I F  (Nb iAXmLTa24)  GO TO 1 0 P 9  
b d R I T F ( b r l 4 0 )  

1 4 0  FORMAT( * Y M A X  TOO 6 I G  .' 
GO TO 9999 

C 
1 0 0 9  NZ = (NMPY+1 ) * *2  

C  INPUT  OF FOQPiAT OF COFFF. 
READ(5 ,1O? )FMT  
I F  ( L F 2 )  CO T f i  1 2 3 5  
R F A D ( 5 r F P T )  ( C D F F ( 1 )  9 l = 6 9  9 )  
JM = 9 
DO 1 2 2 4  J = 3 ,  N M A X  
J N  = J M i 1  
JM = JY+2*J  
R E A D (  5 r F M T ) C O F F I J N )  
J N  = J N + 1  

1 2 2 4  R E A D ( ~ T F M T ) ( C O F F ( I )  9 I = JNT  JM) 
GC TO 1 2 2 6  

1225 READ( 5 , F M l )  (COFF(  1 )  I = 6, N Z )  
1226 DO 1 0 3 4  1  = 1, 4 

COFF ( I + Y 2  = DO 
1 0 3 4  COFF( 1 )  = GO 

C  
C A L L  IGPPT(GMP9 A X ~ C D F F T N ~ + ~ T N M A X )  
I F  ( .VOTaLTRAN) C A L L  G R A V C ( A X ~ F ~ T G M P T ~ S ~ L F ~ U ' ? E F O T G Q F F )  

C  
C  COLLOCATION SFCTION:  I N I T I A L I Z A T I O N  OF V A R I A b L E S .  
C  


















































































































